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Abstract
Recently, various groups have demonstrated nano-scale engineering of nanostructures for optical
to infrared wavelength plasmonic applications. Most fabrication technique processes, especially
those using noble metals, requires an adhesion layer. Previously proposed theoretical work to
support experimental measurement often neglect the effect of the adhesion layers. The first finding
of this work focuses on the impact of the adhesion layer on nanoparticle plasmonic properties.
Gold nanodisks with a titanium adhesion layer are investigated by calculating the scattering,
absorption, and extinction cross-section with numerical simulations using a finite difference time
domain (FDTD) method. I demonstrate that a gold nanodisk with an adhesive layer significantly
shifts the plasmon resonance relative to one without adhesion material. In addition, the adhesive
layer also introduces stronger damping and decay time. Next, I investigate the plasmonic properties
and effects of dielectric environment of black phosphorene (BP), a newly discovered anisotropic
2D material.

Results suggest that the surface plasmon properties of a black phosphorene

nanoribbon could be exploited to probe the efficiency of edge plasmonic enhanced absorption.
Furthermore, the enhanced absorption of periodic BP nanoribbons is affected strongly by high
density free carriers in BP nanoribbon geometries from mid-infrared to high infrared regime. Also
when adding a thin dielectric shielding layer, such as hexagonal boron nitride, in addition to
preserving the edge mode plasmonic nature of BP, it also allows for an unprecedented control of
the absorption resonance energy. Finally, I also show monolayer graphene surface plasmon
hybridization with hyperbolic phonon polarization local density of state of hyperbolic ferroelectric
LiNbO3. The results show that the dispersion mode hybridization process is significantly regulated
by a electrostatic gated single graphene and double graphene layer in addition to the ferroelectric
layer size. The spontaneous emission (SE) rate the hyperbolic band contribution of LiNbO 3 with

graphene integrated system elucidated enhancement and inhibit spontaneous emission. Specially,
the SE rate between in hybrid system is always smaller than that of the bulk in the hyperbolic band
region with higher chemical potential.
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Chapter 1
Introduction
Since the past few decades, studies of plasmonics has become one of the most important
flourishing optical-science in light matter interactions in both the classical and quantum fields [1].
Plasmon are quantized modes of collectively excited charge density oscillations typically
occurring in charged electron gases in solids in the presence of long range coulomb interactions
[2]. Commonly, the study of plasmons is attributed with the excitation of resonant oscillations of
charges using light and/or beam of electrons in metallic materials [3]. Most recently, with the
discovery of new materials and detection mechanisms plasmon phenomena study has expanded
into heavily doped semiconductors and semimetals. Depending on the quantized oscillation
behavior of charges, plasmons process have two classifications of electromagnetic (EM) field
properties [4,5]. In the first case, when external electric fields of the electromagnetic radiation
shined on a metallic surface and a dielectric caused polarization by displacing electrons from the
equilibrium position to the excited mode around positively charged ions. The excited electrons
behave as a free electron gas. The interaction between the excited electrons produces surface waves
confined to the metal-dielectric interfaces. The bounded surface waves are vibrating with a welldefined frequency and propagate perpendicular to the propagation vector. These types of
oscillations are called propagating surface plasmon polaritons (PSPPs) [4,5].
Contrary to propagating surface plasmon polaritons (PSPPs), when metallic material structures
scaled to a few nanometers and or few micrometers curved geometries, the external light creates a
free electron cloud of conduction electrons. Due to the curvature of the metallic structure, the
particle of the metal induces a balancing force on the electron cloud. The electrons in such cases
undergo damped harmonics oscillation. The mode of vibration is resonant in nature and is confined
1

within nanostructures into sub-wavelength volumes braking the diffraction limit of light. Hence,
referred to as localized surface plasmon resonances (LSPRs) [5]. At the resonance frequency, the
amplitude of the electric field of the oscillating charges will be much larger than away from the
resonance point. Moreover, the strength of the electric field local localized near the surface of the
nanostructure is highly enhanced and can be several orders of magnitude higher than that of the
incident field [6]. The enhanced field strength rapidly falls off with distance from the surface of
the material decay. In LSPRs’ mode the resonant frequency and the confined EM field depend on
the composition of the material, shape and size [7]. In addition, confined plasmon EM waves can
be more localized EM fields and further enhanced by bringing two (dimer) nanostructure or
ensemble of nanoparticles, within extremely small gaps (> 0.5 nm) [8, 9]. The strong enhancement
EM field is due to constructive interference between the dipole or higher moments charge
oscillation on neighboring nanoparticles. Moreover, dielectric environments, especially metallic
adhesion layers, contributes a unique role in properties of plasmon, and has been studied in this
thesis.

In the past, decayed, experimental fabrications method such as e-beam lithography and
measurement using dark field microscopy elaborated noble metals plasmon. Despite immense
progress, noble metal films and nanostructures plasmonic nature experience large losses due to
small carrier mobilities, and very low dynamic tunability. These characteristics limited their
plasmonics application in optical and near infrared electromagnetic spectrum. Such limitations
have led to the search for other better plasmonic materials [10, 11], transition metal nitrides,
hyperbolic natural and artificial materials, and 2D materials, mainly graphene [12], doped
transition metal dichalcogenides [13], and most recently black phosphorus (BP) [14]. Both SPPs
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and LSPPS generated in these materials feature low-loss, extremely sub-wavelength confined and
longer propagation length. The plasmon electromagnetic produced can be dynamically tuned by
chemical potential affecting the charge density and by the number of atomic layers.

Besides light and electron beam, another most exciting merit of plasmons property is the ability of
highly strong light-matter interactions with quantum emitters such as a molecule (dots) to generate
LSPs and confined surface plasmon polaritons (SPPs) through a near field interaction. Emission
process of radiation due to local density of states of plasmonic modes is explained by Purcell factor
also referred to as spontaneous emission (SE) rate [15,16]. According to the Purcell factor, the SE
rate can be an efficiently controlled system providing a strongly confined mode and higher density
of mode. In such context, material that supports strong confinement of surface plasmon polaritons
and/or hyperbolic materials that support phonon polaritonic modes ensures efficient coupling at a
given electromagnetic scale [17,18]. Hybrid surface plasmon phonon modes are coupled modes of
two or more structure with plasmonic modes orignated in one material and phononic modes in the
other. Controlling the hybrid electromagnetic waves bring an extra degree of freedom and might
be used for new applications that couldn't be attained by ordinary metamaterials. Hence, there is a
great deal of interest to modulate efficiency of the SE rate enhancement of quantum emitters. This
is essential in a class of material whose optical properties can be regulated in a mid-infrared and
terahertz (THz) range minimizing loss effect. In this thesis, I use a novel strategy in order to
actively control SE rate in THz 2D graphene and hyperbolic layer hybrid systems without altering
the geometrical surroundings.

This dissertation is divided into six chapters.
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Chapter two gives an introduction of the theoretical background and concepts for understanding
the Fresnel equation between polaritonics and plasmon supporting 2D material, including surface
plasmon polaritons (SPPs), confined surface plasmons hyperbolic metamaterial dispersion, and
point dipole spontaneous emission. Chapter three covers the finite element methods for computing
adhesive integrated gold nanodisk of various sizes, ranging from 80 nm - 200 nm in diameter. The
result is that FEM is extended to calculate the confined surface plasmon damping and decaying
properties has also been introduced. Chapter four discusses surface plasmon properties of newly
discovered 2D anisotropic black phosphorene, and absorption properties of periodic nanoribbon
enhanced BP and dielectric protected BP ribbon by defining the optical conductivity from the
Drude model. The underlying physical mechanisms that enhance the absorption of BP ribbon in
different directions of nanoribbons has been extensively addressed. In Chapter five, mechanisms
of surface plasmon and hyperbolic photon polariton hybridization in lower terahertz range is
studied. The numerical result of SE rate due to a point using a graphene 2D conducting sheet with
hyperbolic material is discussed. The SE rate in between hybrid systems which can give a roadmap
for designing of modulated emission in THz spectral. Finally, chapter six presents the overall
conclusions of this thesis work and proposes potential research directions in continuation of this
work.
Reference
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Chapter 2
This chapter establishes the theoretical foundation required to analyze the electromagnetic
interaction near a planar interface of planar interface of two and more layers. Maxwell’s equations,
and the electromagnetic boundary conditions needed to analyze the field produced in different
layers are defined. The differential Maxwell’s equation eigen solution are set based on interfaces
two of uniaxial layers. The dispersion modes of the uniaxial layer explained form the momentum
vector complex solutions. We derive the formulas for calculating the Fresnel coefficients between
two anisotropic interface and isotropic conducting sheet in between. This was also expanded in
multilayer system following transfer matrix approach and summed up for absorption, reflection
and transmission value. In the subsequent section quantum dipole emitter radiation source, treated
a classical electromagnetic phenomenon is addressed for a system consists of 2D material. First,
the dyadic Green’s tensor for the electric field is derived in Cartesian coordinate for each interface
two-layered planar interface and anisotropic 2D material. This is followed by the calculation of
an integral form the EM field for the possibility of controlling the SE rate of 2D layer conducting
sheet driven by a point dipole radiation source. The introduced theoretical model of SE rate is
finally summarized for dipole emitter polarization-dependent excitation.

2.1 Theoretical Formulation
In this subsection we present a unified theoretical perspective of practical approaches to achieve
light mater interaction and response properties nanoparticles, semi-infinite buck medium and 2D
materials. We first consider the nature of light across an interface formed between a 2D sheet a
two semi-infinite uniaxial dielectrics medium, with dielectric permittivity of 𝜀̃ and 𝜀̃ , as shown
schematically in figure 2.1a and 2.1b. We regard 2D material (such as graphene, black
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phosphorene) thickness of few atomic layers commonly is less than 1nm. In order to understand
the interaction of light in such system we implement the Maxwell’s EM equations [1] given as
∇ ∙ 𝐷⃗ = 𝜌

(2.1.a)

∇ ∙ 𝐵⃗ = 0

(2.1.b)

∇ × 𝐸⃗ = −

⃗

∇ × 𝐻⃗ = 𝐽⃗ +

(2.1.c)
⃗

(2.1.d)

In the equations, B is the magnetic induction, E is the electric field, H is the magnetic field (𝐵⃗ =
𝜇 𝐻⃗ ), D denotes the electric displacement, ( 𝐷⃗ = 𝜀 𝜺𝐸⃗ ), 𝑗 the current density, and 𝜌 is the charge
density, 𝜀 and 𝜺 is the permittivity of free space and relative permittivity of any form of medium.
The electric and magnetic field salsifies the tangential and perpendicular components of Maxwell’s
boundary between two adjacent layers written as
𝑛 ∙ (𝐷⃗ − 𝐷⃗ ) = 0

(2.2.a)

𝑛 ∙ (𝐵⃗ − 𝐵⃗ ) = 0

(2.2.b)

𝑛 × (𝐸⃗ − 𝐸⃗ ) = 0

(2.2.c)

𝑛 × (𝐻⃗ − 𝐻⃗ ) = 𝐽⃗

(2.2.d)

We focus on anisotropic media, the dielectric tensor of permittivity in three cartesian directions
represented as
𝜀
𝜺= 0
0
Where, 𝜀

𝜀 , and 𝜀

0
𝜀
0

0
0
𝜀

(1.3)

are. Since, the momentum space (𝑘⃗ ) and the dielectric constant define the

dispersion nature EM wave we represent Maxwell’s Eqs. (2.1a-d) as

7

𝑘⃗ × 𝐸⃗ = −𝜇 𝜔𝐻⃗

(2.4.a)

𝑘⃗ × 𝐻⃗ = 𝜔𝐷⃗

(2.4.b)

Combining the above two equation we get curl form of wave equation
𝑘⃗ × 𝑘⃗ × 𝐸⃗ = −𝜇 𝜔 𝜀 𝜺𝐸⃗

(2.5)

To gain good understanding of Eq. (2.5), we chose a plane EM wave of electric field amplitude
and propagation vector represented in cartesian coordinate as
(2.6)

𝐄(𝑟⃗) = (𝐸 𝑥 + 𝐸 𝑦 + 𝐸 𝑧̂ )𝑒

The unit coordinate vectors 𝑥, 𝑦 and 𝑧̂ represent the three cartesian directions, the respective
component of wavevector are represented by 𝑘 , 𝑘 , and 𝑘 𝐸 , 𝐸 and 𝐸 are amplitudes of
electric field and c is the speed of light. The displacement vector assumes the form 𝐷⃗ = 𝜺𝐸⃗ =
𝜀 (𝜀 𝐸 𝑥 + 𝜀 𝐸 𝑦 + 𝜀 𝐸 𝑧̂ ). From Eq. (2.5) and (2.6), the solution is a wave equation which
is represented the dielectric tensor component
𝑘⃗ × 𝑘⃗ × 𝐸⃗ = −𝑘 (𝜀 𝐸 𝑥 + 𝜀 𝐸 𝑦 + 𝜀 𝐸 𝑧̂ )

(2.7)

where 𝑘 = 𝜔⁄𝑐 is the vacuum wavenumber interms of the angular frequency. The solution to Eq.
(2.7) is a matrix form given by
𝜀 𝑘 −𝑘 − 𝑘
𝑘 𝑘
𝑘 𝑘

𝑘 𝑘
𝜀 𝑘 −𝑘 − 𝑘
𝑘 𝑘

𝑘 𝑘
𝑘 𝑘
𝜀 𝑘 −𝑘 − 𝑘

𝐸
𝐸
𝐸

= 0,

(2.8)

Where the magnitude of the propagation vector 𝑘 = 𝑘 + 𝑘 + 𝑘 .
2.1. 1 Dispersion nature in hyperbolic medium
To see the difference in the optical response of the different medium, we solve for the eigen
solutions of the vectorwave of the electromagnetic fields in Eq. (2.8) by taking the determinant
of the matrix and obtain the following,
8

+

−𝑘

(2.9)

(𝑘 + 𝑘 + 𝑘 − 𝜀 𝑘 ) = 0,

From the eigen solutions of the vector-wave, Eq (2.9), we obtain two roots, ordinary eigenmodes
and extra-ordinary modes [2]. The ordinary eigenmode dispersion relation of the modes is given
by
(2.10)

−𝑘 =0

and the extra-ordinary eigenmodes dispersion relation is solved as

+

(2.11)

− 𝑘 = 0,

Based on the dielectric permittivity specially the part the solution in Eq. (2.10) and Eq. (2.11) we
can easily classify different types of media and the result can be depicted by the isofrequency
contour generated by the different components of wave vector [3,4]. If 𝜀
the medium is classified as dielectric, 𝜀
an ellipsoid isofrequency and when 𝜀
When 𝜀

𝜀

=𝜀
= 𝜀

> 0 and 𝜀

> 0 then

≠ 𝜀 , the medium is considered as uniaxial with
=𝜀

it is isotropic with spherical isofrequency.

< 0 the isofrequency surface opens into an open hyperboloid and the medium

behave as effective anisotropic metal. If 𝜀
hyperbolic and when 𝜀

> 0 and 𝜀

< 0 and 𝜀

> 0 then the medium is called a type I

< 0 then the medium is called a type II hyperbolic with

isofrequency contour opening. This means hyperbolic medium which can be in generally defined
by the property 𝜀

,𝜀

< 0 operates like a metal in one direction and a dielectric (insulator) in

the other.
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Figure 2.1 the spherical isofrequency surfaces for propagating waves in a medium with
isotropic dielectric (𝜀 =𝜀 =𝜀 ) (a). Anisotropic media ellipsoidal isofrequency (𝜀 = 𝜀 ≠
𝜀 ) (b). A uniaxial hyperbolic medium with one positive and two negative components of the
dielectric permittivity tensor (𝜀 = 𝜀 > 0, 𝜀 < 0, Type I) (c). A uniaxial hyperbolic
medium with one negative and two positive components of the dielectric permittivity tensor
(𝜀 = 𝜀 < 0, 𝜀 > 0, Type II) (d).
2.2 Light in two hyperbolic media
To investigate the properties such as propagation, dispersion, Fresnel coefficient of
electromagnetic wave in different medium. We can now directly establish the magnetic field and
the electric field relation in hyperbolic medium from the curl Eq. (2.7). Component by components
by taking the left and right side of the electric field can be expresses in terms of the dielectric
function and can be simplified to
𝑘 𝐻 −𝑘 𝐻

= −𝜺𝟎 𝜺𝒙𝒙,𝒋 𝐸

(2.12.a)

𝑘 𝐻 −𝑘 𝐻

= −𝜺𝟎 𝜺𝒚𝒚,𝒋 𝐸

(2.12.b)

𝑘 𝐻 −𝑘 𝐻

= −𝜺𝟎 𝜺𝒛𝒛,𝒋 𝐸

(2.12.c)

Now since we established the connection of electric and magnetic field in any medium (j), we
considered two hyperbolic media labeled as 1and 2, and that includes a two-dimensional (2D) thin
layer represented in figure 2.2a and 2.2b. In the schematic setting the anisotropic mediums lies in
the 𝑥 − 𝑦 plane. The first medium above 𝑧 = 0 and the second hyperbolic bellow 𝑧 = 0 and the
two 2D material at 𝑧 = 0. We also assume the anisotropic mediums are non-magnetooptical
10

(𝜇 = 𝜇 = 1 ) for simplicity. In the above electromagnetic waves are expressed as linear
superposition of TE and TM waves, based on direction choice we will describe in the next two
sections.

Figure 2.2 shows the electromagnetic field direction of TE (s) polarization (a) and TM polarization
in top hyperbolic material (𝑧 > 0), bottom hyperbolic material (𝑧 < 0) and a 2D material
characterized by an anisotropic conductivity (σ) included at 𝑧 = 0 for the system in under
consideration.
2.2.1 TM-polarized light reflection
Here we assume 𝑥 − 𝑧 being plane of incidence as shown in figure (2.a) as such the incidence
propagation vector in the first medium, 𝒌𝟏𝑰 , and the incident TM mode magnetic field, 𝐇⃗𝐈 , with
an amplitude of 𝐻 is represented as
(2.13)

𝒌𝟏𝑰 = 𝑘 𝑥 + 𝑘 𝑧̂
𝐇⃗𝐈 = 𝐻 𝑦𝑒

(
̂

)

,

(2.14)

The electric field associated with the magnetic field from Eq. (2.12) is
(𝑘 𝑥 + 𝑘 𝑧̂ ) × 𝐇⃗𝐈 = −𝜺𝟎 𝜺𝐄⃗𝐈 = −𝜺𝟎 𝜺𝒙𝒙,𝟏 𝐸 𝑥 − 𝜺𝒛𝒛,𝟏 𝐸 𝑧̂
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(2.15)

Where 𝐸 and 𝐸 the incident field electric field amplitude in the x and z direction. Similarly, the
reflected magnetic field, 𝐇⃗𝐑 , which propagating back with a momentum vector 𝒌𝟏𝑹 = 𝑘 𝑥 −
𝑘 𝑧̂ from the 2D interface at 𝑧 = 0 with an amplitude of, 𝐻 , is
𝐇⃗𝐑 = 𝐻 𝑦𝑒

(

)
̂

,

(2.16)

Similarly, the electric field reflected will be
(𝑘 𝑥 − 𝑘 𝑧̂ ) × 𝐇⃗𝐑 = −𝜺𝟎 𝜺𝐄⃗𝐑 = −𝜺𝟎 𝜺𝒙𝒙,𝟏 𝐸 𝑥−𝜺𝟎 𝜺𝒛𝒛,𝟏 𝐸 𝑧̂ , (2.17)
The transmitted magnetic in the second medium below 𝑧 = 0 with a propagation
𝒌𝟐 = 𝑘 𝑥 + 𝑘 𝑧̂ is
𝐇⃗𝐓 = 𝐻 𝑦𝑒

(

)
̂

,

(2.18)

With the corresponding electric field
(𝑘 𝑥 + 𝑘 𝑧̂ ) × 𝐇⃗𝐓 = −𝜺𝒙𝒙,𝟐 𝐸 𝑥−𝜺𝟎 𝜺𝒛𝒛,𝟐 𝐸 𝑧̂

(2.19)

At 𝑧 = 0, the normal component of the electric field satisfies continuity boundary condition
Maxwell’s Eqs. (2.2), that is
𝑛 × 𝐄⃗𝟏 − 𝐄⃗𝟐 = 0

(2.20)

Where 𝐄⃗𝟏 is the total electric field in the first hyperbolic medium, 𝐄⃗𝟏 = 𝐄⃗𝐈 + 𝐄⃗𝐑 , and 𝐄⃗𝐓 is the
electric field in the second medium 𝐄⃗𝟐 = 𝐄⃗𝐓 . The normal unit vector point in the z direction, 𝑛 =
𝑧̂ , thus, the equation of the electric can be written as,
𝑧̂ × 𝐄⃗𝐈 + 𝐄⃗𝐑 − 𝐄⃗𝐓 = 0,

(2.21)

The normal vector cross product with the electric field from Eq. (2.15), Eq. (2.17) and Eq. (2.19)
leads to the following results
𝑧̂ ×

𝝎𝜺𝟎 𝜺𝒛𝒛,𝟏

𝑧̂ +

𝝎𝜺𝟎 𝜺𝒙𝒙,𝟏

𝑥 𝐻𝑒
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=𝑦

𝝎𝜺𝟎 𝜺𝒙𝒙,𝟏

𝐻𝑒

(2.22.a)

𝑧̂ ×
𝑧̂ ×

𝝎𝜺𝟎 𝜺𝒛𝒛,𝟏

𝝎𝜺𝟎 𝜺𝒛𝒛,𝟐

𝑧̂ −
𝑧̂ +

𝜺𝟎𝝎 𝜺𝒙𝒙,𝟏

𝑥 𝐻 𝑒

=𝑦

𝑥 𝐻 𝑒

=𝑦

𝝎𝜺𝟎 𝜺𝒙𝒙,𝟐

The time dependent exponential factor, 𝑒

𝝎𝜺𝟎 𝜺𝒙𝒙,𝟏

𝐻 𝑒

(2.22.b)

𝐻 𝑒

(2.22.c)

𝝎𝜺𝟎 𝜺𝒙𝒙,𝟐

, is a common denominator for the EM field in both

medium and excluded in the expression as it is not affected by the boundary conditions. Which we
will do in other part of derivations in the dissertation when it is convenient. By combining the
above three equations in to Eq. (2.21), after few algebras leads to a reduced equation form of,
𝜺𝒙𝒙,𝟏

𝐻 −

𝜺𝒙𝒙,𝟏

𝐻 −

𝜺𝒙𝒙,𝟐

𝐻 = 0,

(2.23)

In the tangential direction, 𝑥 − 𝑦 plane, the components of the magnetic field and the electric field
induces a surface currents in the 2D conducting sheet. The boundary condition of Eq (2.2d) related
by Ohm’s law, 𝑛 × 𝐇⃗𝟏 − 𝐇⃗𝟐 = 𝑱⃗𝒇 = 𝜎𝐄⃗𝐭 . Where the electric field 𝐄⃗𝐭 is the tangential field at
the interface of the two media. The solution of the boundary condition can be achieved depending
on the nature of 𝜎. We chose 2D material without static magnetic bias (Hall effect) of an
anisotropic conductivity represent by a matric tensor form,
𝜎=

𝜎
0

0
𝜎

(2.24)

Few good examples of realistic 2D material that follows similar conductivity model are; graphene,
𝜎

= 𝜎 , which is isotropic 2D material and black phosphorene, 𝜎

≠ 𝜎 , anisotropic 2D

material. Monolayer (one-atom-thick) or a few layers systems, which are scaled as twodimensional material, are characterized by a two-dimensional sheet conductivity than volume
conductivity. However, there relationship connecting this conductivity can be obtained as
follows.
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Since we only surface current density, 𝐽⃗ = 𝐽 𝑥 + 𝐽 𝑦, in 𝑥 − 𝑦 plane is due to the excitation of
electron on the surface by the external electric field. The volume current density, 𝐽 , is related with
the surface current by the expressed 𝐽⃗ = 𝐽⃗ (𝑥, 𝑦)𝛿(𝑧). This also applies to the volume, (𝜌 ), and
surface charge density (𝜌 ), i.e. 𝜌 = 𝜌 (𝑥, 𝑦)𝛿(𝑧). In case of incident light with a wavelength
extremely larger than the thickness, 𝑡, of the conducting sheet the electric field is approximately
constant with the 2D layer [5]. Therefore, 2D current density traversing a line element across
the thickness 𝑡 is ∫ 𝐽⃗ 𝑑𝑧 = ∫ 𝐽⃗ (𝑥, 𝑦)𝛿(𝑧)𝑑𝑧 = ∫ 𝜎𝐸(𝑧)𝑑𝑧 ≈ 𝜎𝑡𝑬⃗(𝒓⃗). Such that equivalent
representation of to a 2D sheet conductivity and the 3D conductive in general are connected
by the thickness, in a simple form 𝜎 = 𝜎 𝑡 [6].
We can use the above assertion to implement it in Maxwell’s boundary condition, hence Eq.
(2.2d) becomes
𝑛 × 𝐇⃗𝟏 − 𝐇⃗𝟐 = 𝐉⃗𝐟 = 𝜎 𝑥(𝐄⃗𝐈 ) + 𝜎 𝑦(𝐄⃗𝐈 ) + 𝜎 𝑥(𝐄⃗𝐑 ) + 𝜎 𝑦(𝐄⃗𝐑 )

(2.25)

Where 𝐇⃗𝟏 = 𝐇⃗𝐈 + 𝐇⃗𝐑 and the directional surface current and the respective conductivity of the
2D layer is 𝐽 = 𝜎 𝐸 and 𝐽 = 𝜎 𝐸 . Since there is no 𝑦 component electric field 𝐽 = 0. The
expression of the right side of Eq. (2.25) leads to
𝑧̂ × 𝐇⃗𝐈 = (𝑧̂ × 𝑦)𝐻 𝑒

(

)

= −𝑥𝐻 𝑒

(

)

,

(2.26.a)

𝑧̂ × 𝐇⃗𝐑 = (𝑧̂ × 𝑦)𝐻 𝑒

(

)

= −𝑥𝐻 𝑒

(

)

𝑧̂ × 𝐇⃗𝐓 = (𝑧̂ × 𝑦)𝐻 𝑒

(

)

= −𝑥𝐻 𝑒

(

)

,

(2.26.b)
(2.26.c)

Combining Eqs. (2.26a-d) and (2.25) after some algebraic manipulation we arrive to
𝐻 +𝐻 −𝐻 =

𝝎𝜺𝟎 𝜺𝒙𝒙,𝟏

[𝐻 − 𝐻 ]

(2.27)

Using Eq. (2.27) in Eq. (2.23) we get the final equation of Fresnel reflection coefficient (𝑟 ) of
two-dimensional material included between two semi-infinite hyperbolic layers as,
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𝑟 =

=

𝜺𝒙𝒙,𝟐

𝜺𝒙𝒙,𝟏

𝜺𝒙𝒙,𝟐

𝜺𝒙𝒙,𝟏

𝝎𝜺𝟎

(2.28)

𝝎𝜺𝟎

2.2.3 TE polarized mode
Similarly, the Fresnel coefficient in the case for TE polarization can be obtained defining the
electric field wave propagating parallel to the interface in the two medium is given by
𝐄⃗𝐈 = 𝐸 𝑦𝑒

(

)

(29.a)

𝐄⃗𝐑 = 𝐸 𝑦𝑒

(

)

(29.b)

𝐄⃗𝐓 = 𝐸 𝑦𝑒

(

)

(29.c)

The magnetic field in the 𝑦 direction is zero hence the corresponding to the above field the
magnetic fields are,
𝐇⃗𝐈 = (𝐻 𝑥 + 𝐻 𝑧̂ )𝑒

(

)

𝐇⃗𝐑 = (𝐻 𝑥 + 𝐻 𝑧̂ )𝑒

(

𝐇⃗𝐓 = (𝐻 𝑥 + 𝐻 𝑧̂ )𝑒

(

(30.a)
)

(30.b)

)

(30.c)

We use the Maxwell’s Eq. (2.4.a) the only electric field that survive are attained as follows.
𝐾 × 𝐸 𝑦𝑒

(

)

= −𝛚𝝁𝟎 (𝐻 𝑥 + 𝐻 𝑧̂ )𝑒

(

)

(2.31)

This gives us,
−𝛚𝝁𝟎 (𝐻 𝑥 + 𝐻 𝑧̂ ) = 𝑘 𝐸 𝑧̂ + 𝑘 𝐸 𝑥

(2.32)

Splitting perpendicular and parallel components of the magnetic field in each medium we get
𝐻 =

(2.33.a)

𝛚𝝁𝟎

𝐻

=−

𝐻

=

(2.33.b)

𝛚𝝁𝟎

(2,33.c)

𝛚𝝁𝟎
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And the perpendicular component of H is
𝐻 =−
𝐻

=

𝐻

=−

(2.34.a)

𝛚𝝁𝟎

(2.34.b)

𝛚𝝁𝟎

(2.34.c)

𝛚𝝁𝟎

At the boundary 𝑧 = 0 the perpendicular component of the magnetic field is continuing. The
parallel compote of the electric field is continuing and matching the solutions for z < 0 and z > 0
using these boundary conditions of continuity, the normal component magnetic field (𝝁𝟏 𝐻

=

𝝁𝟐 𝐻 ) we get
𝛚𝝁𝟎

+

𝛚𝝁𝟎

=

(2.35)

𝛚𝝁𝟎

The same result also can be achieved from the electric field tangent component for TE mode we
have the following from the first boundary condition Eq. (2.2a)
(2.36)

𝐸 +𝐸 =𝐸

And from the second boundary condition which is tangent to the electric field the x compote of
the magnetic field
𝐻 +𝐻

−𝐻

= ω𝜇 𝜎 [𝐸 + 𝐸 ]

(2.37)

Combining Eq. (2.36) and Eq. (2.37) after taking the electric field amplitude ratio of reflected and
incident field we arrive to the reflection coefficient given by
𝑘 𝐸 − 𝑘 𝐸 − 𝑘 [𝐸 + 𝐸 ] = ω𝜇 𝜎 [𝐸 + 𝐸 ]
𝑟

=

=

𝛚𝝁𝟎

(2.38)
(2.39)

𝛚𝝁𝟎

In the case where there is no 2D material between the two hyperbolic interface we can set the
conductivity to be zero (𝜎 = 0). The expression in Eq. (2.28) and Eq. (2.39) recovers a well-known
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reflection and transmission coefficient between two hyperbolic mediums. Doing so the modified
Fresnel reflection coefficients becomes,
𝑟 =

𝜺𝒙𝒙,𝟐

𝜺𝒙𝒙,𝟏

𝜺𝒙𝒙,𝟐

𝜺𝒙𝒙,𝟏

(2.40)

And
𝑟

(2.41)

=

It is important to notice that the reflection coefficient also gives indirect information field that
are confined at the interface, surface confined plasmons. For example, a light shined for two
media with dielectric constant 𝜀 and 𝜀 (dielectric and gold) the surface plasmon propagating,
𝑘 , at the interface can be obtained from poles of the imaginary part of this reflection coefficient
𝑟 . Straightforward calculations by setting 𝑘

=𝑘

=𝑘

result in the dispersion equations

for TM mode [7],
𝑘

= 𝜔/𝑐 𝜀 𝜀 /(𝜀 + 𝜀 )

(2.42)

2.3 Transfer matrix approach in layered medium
Having provided the general theory of light mater interaction in hyperbolic medium, we now
consider a scenario where two 2D material layers which are separated by a dielectric slab of
hyperbolic layer with a thickness of t displayed model figure 2.3.
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Figure 2.3. Schematic illustration of the system for Fresnel coefficient calculation. First 2D
conducting sheets characterized by surface conductivity 𝜎 at 𝑧 = 0, second conducting sheet
of conductivity 𝜎 at 𝑧 = 𝑡, separated by anisotropic hyperbolic slab of thickness t, the top and
bottom semi-infinite of optical constant 𝜀 and 𝜀 , respectively.
The three mediums are labeled as 1, 2 and 3. Medium 1 above 2D conducting represented by
dielectric constant, 𝜀 , above 𝑧 > 𝑡, first 2D material given by conductivity 𝜎 (placed at 𝑧 = 𝑡),
the hyperbolic layer film (0 < 𝑧 < 𝑡) region medium 2 sandwiched between the top 2D material
and bottom 2D material with conductivity 𝜎 (placed at 𝑧 = 0), the bottom region bellows the
second 2D material as medium 3 semi-infinite dielectric,𝜀 , material acting as substrate. In Order
to determine the total Fresnel transmission and reflection coefficient of a such multilayer hybrid
system it is essential to get the propagation vector of light in intermediate layers. While, the electric
or magnetic fields can be related to inside the medium is between the two conducting sheets can
be connected by propagation matrix. Based on the two conditions and with the knowledge of
dielectric permittivity of each layer, we will employ well-known formalism, the transfer matrix
(𝑀 ) [8], for multilayer slabs to relate the reflection and transmission coefficients from each
interface j between layers j and j + 1 (outermost semi-infinite layers to lower most semi-infinite
layer). Therefore, we can easily calculate the optical response, total reflection, total transmission
and total absorption 2D material material including multilayer system.
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Since the Fresnel

reflection coefficient would be different for s- and p-polarized excitation of incident light for
anisotropic medium the transfer matrix elements are also different. Explicitly, for s- polarization
and p-polarization state of a three-layer system transfer matrix is written as 𝑀
𝑀

( , )

( , )

=𝑀

( , )

∙

and the matrix elements are given by

𝑀

𝑀

𝑀

Where 𝑡

( , )

( , )

( , )

( , )

and 𝑟

respectively; 𝑡

( , )

=

( , )

𝑟

( , )

( , )

𝑟

𝑟

( , )

=

( , )

𝑟

( , )

𝑒

( , )

𝑒

𝑒

( , )

(2.43)

( , )

( , )

(2.44)

1

( , )

𝑒

𝑟

( , )

𝑒

1

=

( , )

( , )

𝑒

𝑟

( , )

( , )

𝑒

𝑒

( , )

( , )

∙

1
( , )

𝑟

( , )

𝑟

( , )

1

(2.45)

represents the Fresnel transmission and reflection of medium 1 and 2

and 𝑟

( , )

and 3, respectively; and 𝑘

represents the Fresnel transmission and reflection of medium 2

( , )

is the propagation vector in medium 2. The superscript s and p

stands for s-polarization and for p-polarization direction of light, respectively. The total
reflection coefficient in the such multilayer system is calculated the final product of matrix
element of Eq. (2.45)
𝑟

( , )

( , )

=

(2.46)

( , )

The simplified for of the above equation yields the well-known solution
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𝑟

( , )

( , )

=

( , )

( , )

(2.47)

( , )

( , ) ( , )

The total transmission coefficient is obtained from Eq. (2.47) matrix element,

𝑡

( , )

=

(2.48)

( , )

From the simplified for of equation (above), we get

𝑡

( , )

( , )

( , ) ( , )

=

( , ) ( , )

(2.49)

( , )

This theoretical approach thus allows us to calculate the another relevant quantities total
reflectance (𝑅

( , )

) and the transmittance, (𝑇

material at each interface, 𝑅

( , )

= |𝑟

( , )

( , )

can also be evaluated directly from 𝐴

( , )

), from the multilayer system that includes 2d

| and 𝑇

=1−𝑅

( , )

( , )

= |𝑡

−𝑇

( , )

( , )

| , respectively. The absorbance

.

2.4 Green function formalism point dipole for spontaneous emission

The Fresnel coefficients from the transfer matrix obtained have significant theoretical input to
study interaction of point dipole emitters in 2D material, hyperbolic material and semi-conductor
metallic materials. In this section, we will develop a theoretical model for the spontaneous
emission (SE) rate implementing well-developed technique; the Green’s tensor formalism [9]. This
method has been implicated to study point dipole, finite-size, two-dimensional array or three
dimensional nano-emitters embedded in metal-dielectric multilayer system. Taking these points
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in mind, we will derive SE rate due to a point dipole placed in vacuum above a 2D conducting
sheet on a dielectric substrate. Then, we carry out a straightforward extension of this analysis to
calculate the decay rate of an emitter in a system of consisting more than one 2D conducting layer
and a thin film of hyperbolic layer; identical to previous section multilayer system.
First, the Maxwell’s curl equations Eq. (2.1b) and Eq. (2.1d) are described of electric and magnetic
field in the presence of source currents, 𝐉𝐟 , are modified as
∇ × 𝐄(𝑟⃗, 𝜔) = 𝑖𝜔𝜇 𝐇(𝑟⃗, 𝜔)

(2.50)

∇ × 𝐇(𝑟⃗, 𝜔) = 𝑖𝜔𝜇 𝜇𝜀 𝜺𝐄(𝑟⃗, 𝜔) + 𝐉𝐟 (𝑟⃗, 𝜔)

(2.51)

Combining Eq (2.50) and Eq. (2.51) leads to complete electromagnetic wave equation including a
source current density as
∇ × ∇ × 𝐄(𝑟, 𝜔) = −𝜇 𝜇𝜀 𝜺

𝑬( ⃗, )

−𝜇 𝜇

𝐉𝐟 ( ⃗, )

(2.52)

The electric field produced by the current source in any medium can be given through the Green's
function which is also a solution to Eq. (2.52). The electric field in terms of the Green’s function
and the current source related by

𝐄(𝑟⃗, 𝜔) = 𝑖𝜔𝜇 𝜇𝜀 𝜺 ∫ 𝑑𝑟 𝐆(𝑟⃗, 𝑟⃗ , 𝜔) ∙ 𝐉𝐟 (𝑟⃗, 𝑟⃗ , 𝜔)

(2.53)

Where, G(𝑟⃗, 𝑟⃗ , 𝜔) is the Green’s function, the vector 𝒓 denotes the location of the point source of
frequency ω and 𝒓𝟎 is point of observation. From the current density of homogeneous wave Eq.
(2.51) and combining Eq. (2.53), we obtain a solution of Maxwell’s equation in the form,
∇ × ∇ × 𝐆(𝒓⃗, 𝑟⃗ , 𝝎) − 𝑘 𝜺𝐆(𝑟⃗, 𝑟⃗ , 𝜔) = 𝐈𝛿(𝒓⃗, 𝑟⃗ , )

(2.54)

where 𝐈 is 3 by 3 is the unit dyadic matrix tensor and 𝛿 is Dirac delta function. Solving for all the
matrix components of the green tensor leads to the equation for the primary field emitted by the
oscillating dipole and for the field produced by surrounding medium characteristics to a given the
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point source orientation. In order to address Eq. (2.53) using the Green’s function Eq. (2.54) we
considered a point dipole situated between two planar interfaces speared by a 2D conducting layer,
figure 2.4a-b. According to the schematics given, figure 2.4a, the dipole is positioned at a
distance 𝑧 = 𝑑 above the 2D layer in medium 1. We focus for now on figure 2.4a regard both
medium 1 and medium 2 as semi-infinite layer, infinitely large in the z direction. The interfaces of
the layers are configured parallel to the 𝑥 − 𝑦 plane.

Figure 2.4, Schematic representation of the geometry considered for SE rate calculation. An
emitter of dipole moment P at z =d (a) from a 2D conducting sheet (z =0) inside a dielectric
medium, and (b) from a 2D conducting sheet (z =0) inside a dielectric medium a second 2D layer
and hyperbolic medium of thickness t.
The electric current density of the electric dipole with electric dipole moment 𝑃⃗ placed at 𝑟⃗ is
𝑗𝑒(𝑟⃗) = −𝑖𝜔𝑃⃗ 𝛿(𝑟⃗ − 𝑟⃗ )

(2.55)

The dipole considered in this study is nonmagnetic. The electric dipole moment in the respective
x, y and z direction is denoted as 𝑃⃗ = P 𝑥 + P 𝑦 + P 𝑧̂ . P , P , and P are the electric dipole
moment components in the x, y and z direction, respectively. The total electric fields resulting
from a point dipole source with current moment is above the interface medium is the superposition
of field radiated by a point dipole, 𝐄 , and the electric field reflected from the first interface in the
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same region where the dipole is embedded, 𝐄 , 𝐄⃗𝐓 = 𝐄⃗𝐈 + 𝐄⃗𝐑 . This electric field in the upper halfspace (z > 0) includes the sum of the primary Greens function in the dipole region and the reflected
Greens function from the first 2D interface as
𝐄 (𝑟⃗, 𝑟⃗ , 𝜔) = 𝜔 𝜇 𝜇 [𝐆 (𝑟⃗, 𝑟⃗ , 𝜔) + 𝐆 (𝑟⃗, 𝑟⃗ , 𝜔)] ∙ 𝐏⃗

(2.56)

The first term is the field directly radiated by the dipole to the observation point through free space
Green's function,𝐆 contribution. Which is given by
𝐄 = 𝜔 𝜇 𝜇 [𝐆 (𝑟⃗, 𝑟⃗ , 𝜔)] ∙ 𝐏⃗

(2.57)

The free space Green’s function that satisfies as a solution to Eq. (2.54) is a spherical wave
equation [1] of the form,
𝐆 (𝑟⃗, 𝑟⃗ ) =

|⃗ ⃗ |

±

|⃗ ⃗ |

,

(2.58)

Where + (-) denotes a spherical wave propagating outward (towards) of a point source. The second
term in Eq. (2.56) represents the field radiated after reflection from the interface and the reflected
(scattered) Green's function, 𝐆 , to the observation point. In multilayer system GR also accounts
for the multiple reflections and transmissions taking place at the interfaces. Moreover, for (z < 0)
the transmitted field, 𝐄 , bellow the interface, inside the medium 2, is also represented in terms of
the transmitted Green's function, 𝐆 , as
𝐄 (𝑟⃗, 𝑟⃗ , 𝜔) = 𝜔 𝜇 𝜇 𝐆 (𝑟⃗, 𝑟⃗ , 𝜔) ∙ P⃗

(2.59)

Both the reflected and transmitted Green’s function can be obtained from 𝐆 . The explicit form of
dyadic Green’s function as a solution of Eq. (2.54) is
𝐆(𝒓⃗, 𝑟⃗ ) = (I +

∇∇)𝐆 (𝑟⃗, 𝑟⃗ ),

(2.60)

Now, we can calculate the amount of power radiated, 𝑊, at position 𝒓 from the various electric
field contribution, once the it is calculated from 𝐆. According to Poynting theorem, the time–
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averaged radiated power by a dipole with a harmonic time dependence source is represented in
terms of the electric field and the source current density [10]
𝑊 = − ∰ 𝑅𝑒{𝑱⃗∗𝒆 ∙ 𝐄⃗𝐓 } 𝑑𝑉

(2.61)

where V encloses the source and 𝐉𝐟 represents the source density current. Introducing the value of
the current density Eq. (2.55) in to Eq. (2.61), the power evaluated at position 𝑟⃗ is
𝑊=

𝐼𝑚{P⃗ ∗ ∙ 𝐄⃗𝐓 (𝑟⃗ )}

(2.62)

When the optical emitter is only in free space, the radiated power, 𝑊 , is
𝑊 =

𝐼𝑚{P⃗ ∗ ∙ 𝐄⃗𝐈 (𝑟⃗ )},

(2.63)

Substituting Eq. (2.57) in Eq. (2. 63) we get the expression of the power radiated by the incident
field in free space
𝑊 =
𝐼𝑚{P⃗ ∗ ∙ [𝐆 (𝑟⃗, 𝑟⃗ , 𝜔)] ∙ P⃗},
(2.64)

Thus, SE can be calculated by taking the power radiative ratio of the point dipole in dielectric
surrounding with that of the power radiated in a vacuum space. This SE defined by the power
ratio is also analogous to the Purcell effect [11] and given as

Г
Г

=

=1+

Г ℏ

𝐼𝑚{P⃗ ∗ ∙ E⃗ }

(2.65)

Where, Г is the SE rate for the excitation lying in the vicinity of a neighborhood dielectric, 𝛤 is
the SE rate of the dipole emitter in a free space, 𝛤 = 4𝜔 |𝑃| /3ℏ𝑐 , and ℏ the reduced Planck
constant. Since the most essential element in Eq. (2.60) is the full expression of the reflected
electric field that can evaluated from dyadic Green’s function. To do so, we regard the Green’s
function as a superposition of two s and p polarization mode and an expanded as a summation of
plane waves. According to the Weyl’s identity [9, 12] plane wave expanded form of Green’s
function into an angular spectrum
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𝐆 (𝑟⃗, 𝑟⃗ , 𝜔) =

{𝐌

∬

𝐌 } [

(

)

(

)

(

)]

𝑑𝑘 𝑑𝑘

(2.66)

Where the quantities 𝐌 and 𝐌 are given by the wavevector and the reflection coefficients of for
each polarization between the between the two dielectric mediums. It is essential to notice that the
effect of 2D conducting sheet contribution is included in the wave vector dependent reflection
coefficient. The form of 𝐌 and 𝐌 can be found is
(

𝐌 =

,

)

(

(

𝐌 =

)

,

(

𝑘
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0
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0

0
0
0
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(2.67)

(2.68)

Similarly, the green functions in the transmitted medium or in the ferroelectric layer can also be
expressed in terms of the transmission Fresnel coefficients of the 𝑡 and 𝑡 polarization as follow
(

𝐌 =

(

𝐌 =

Where, (𝑟 (

, )

and 𝑡 (

(

, )

(

,

)

,

)
)
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−𝑘 𝑘
0
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𝑘
0

0
0
0
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𝑘
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⎢
⎥
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−
⎣−𝑘 (𝑘 + 𝑘 ) 𝑘 (𝑘 + 𝑘 )
⎦

(2.69)

(2.70)

) are the total Fresnel reflection and transmission coefficients for the fields

of incoming s- and p-polarization plane wave, respectively.
The convenient way to evaluate the integral of the Green's matrix function Eq. (2.65) is to
transform the coordinates from cartesian to cylindrical coordinate. Hence, the spontaneous
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emission rate can be obtained as an integral over the parallel wave vector, 𝑘 , and azimuthal angle
of polar coordinate, 𝜑, covering the 𝑥 − 𝑦 plane. We define 𝑘
the angle between 𝑘 and x axis,

= 𝑑𝑘 𝑘 𝑑𝜌, where 𝑘 =

𝑑𝑘 𝑑𝑘

= 𝑘 𝑠𝑖𝑛𝜑, 𝜑 is

= 𝑘 𝑐𝑜𝑠𝜑, 𝑘
𝑘

+𝑘

is the

wavevector parallel to the interface between the dipole medium and the semi finite layers. In this
case the reflected Green’s tenors form of s and p is summarized as follows,
𝐆 (𝑟⃗, 𝑟⃗ , 𝜔) =

𝑖
8𝜋

𝑘 𝑑𝑘 𝑒

𝑘
0
0

0
𝑘
0

For example, in Eq. (2.71), the component 𝐆

(

)

0
0
−2𝑘

,

(

)

(

)

1 0
0 1
0 0

−

(𝑟⃗, 𝑟⃗ , 𝜔) and 𝐆

,

0
0
0

(2.71)

(𝑟⃗, 𝑟⃗ , 𝜔) denotes the x-

component of the reflected. In the case where the measurement it is taking place away from the
dipole source the integral leads to Bessel's function or spherical harmonics solution as conducted
using Sommer field approach. The main simple approach to solve the above integral is in the
angular direction is to simply it in such a way that the dipole emitter in our set to be above the
origin of the 𝑥 − 𝑦 plane, 𝑟⃗ = (0,0, 𝑧 = 𝑑). For instance, the s polarization component of the
reflected Greens can be given as

G (𝑟⃗, 𝑟⃗ , 𝜔) = −

∫

𝑒

∫

𝑒

𝑠𝑖𝑛 𝜑

(2.72)

The integral expressions in Eq. (2.71), Eq. (2.72) and Eq. (2.64) we get the final expression of the
reflected field as
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𝐄 =𝜔 𝜇 𝜇

𝑘
0
0

∫ 𝑘 𝑑𝑘 𝑒

0
𝑘
0
1
0
0

0
0
−2𝑘

−

0
1
0

P

0
0
0

(2.73)

This equation of the reflected field gives the SE rate for any dipole emitter orientation. We can
split based on the dipole orientation to gain a simplified model equation. For the normalized SE
rate, we consider to orientation; a dipole oriented perpendicular,
and parallel,

Г||
Г

Г
Г

, (oriented in the 𝑧 direction),

, (oriented along 𝑥 − 𝑦 plane) with respect the interface medium. Substituting Eq

(2.73) in Eq. (2.64) we achieve a simplified separate equation. Hence, the SE rate can be written
as,
Г
Г
Г||
Г

= 1+

𝑅𝑒 ∫

=1+

𝑅𝑒 ∫

(2.74)

,
𝑒

𝑘 𝑟 𝑒

−𝑘 𝑟

(2.75)

It is essential to notice that in Eq. (2.74) and (2.74) the first term is normalized dipole in medium
1, with a unit value. The second integral term the includes the possible contributions originate from
f propagation wave vector when 𝑘

is real and evanescent field radiated when 𝑘

imaginary

value. Further importance of Eq. (2.74) and Eq. (2.75) is their direct applicability for several
multilayer systems, even though, we showed for a system of dielectric-2D layer-dielectric system.
To use the equation in multilayer system, see figure 2.4b; first, we determine the fields across
various interface of each multilayer from the Green’s tensor. This gives the different electric and
magnetic field in each intermedia layer since it is only the decided by the location of the source of
electromagnetic field. Then the fields at each interface can be connected by the boundary condition
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to evaluate reflection coefficient and transmission coefficient. Then straightforward employ the
transfer matrix to obtain the total reflection and transmission coefficient of the system. Finally
substitute it in Eq. (2.74) and Eq. (2.75). Based on the schematics in figure 2.4b, the reflection
coefficient for s- and p- polarization radiation we have showed in the previous section. Therefore,
to evaluate the normalized SE rate of a double 2D conducting sheet and hyperbolic medium we
only need to replace 𝑟 and 𝑟 by 𝑟

and 𝑟

, respectively.
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Chapter 3
Material used in this chapter is compiled from Debu et al. previously published work [65].
Abstract
The adhesion layer used in nanofabrication process of metallic nanostructures affects the surface
plasmon modes. We characterize the localized surface plasmon resonances (SPR) of gold
nanodisks of various diameters and heights while varying the Ti adhesion layers thickness.
Scattering, absorption, and extinction coefficient calculations show a significant dependence of
the SPR on the size of nanostructures and the adhesion layer thickness. Comparisons of peak
resonance wavelengths of different Ti adhesion layer thicknesses indicate a significant red shift
and a reduction in amplitude as the Ti thickness increases. A comparison of spectral broadening
of the plasmon mode indicates a linear increase with Ti thickness and percentage. In addition, the
decay time of the plasmon mode decreased significantly as the adhesion layer size increases. These
observations aid in understanding size dependent adhesion layer effects and optimized fabrication
of single nanoplasmonic structures.
3.1 Introduction
When an electromagnetic wave is incident on a metal nanostructure, it induces collective coherent
oscillations of conduction electrons on the surface of the metal, called surface plasmon resonances
(SPRs). To support surface plasmons, the metal must have a dielectric constant with a negative
real part and a small, positive imaginary part [1]. Materials that support SPRs in the visible and
near infrared range of electromagnetic spectrum include copper, gold, and silver [2–4]. The surface
plasmon resonance and the electric field enhancement have shown strong dependence on
nanoparticle size [5–8], shape [6- 9], gap between dimers [7, 10–12], electromagnetic frequency
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range [13, 14], and types of materials [15]. The surface plasmon modes show the decaying process
that emerges from different sources that include radiative damping [16-17], nonradiative damping
[16-18], surface scattering [19-22], and chemical interface/environment [23-24].
Fabrication of nanostructures made of noble metals using electron beam lithography on a glass
substrate requires an adhesion layer such as Ti [26-29], Cr [25-29], or their oxide forms [30-32].
Significant effort has been made to understand the effects of adhesion layers on plasmon resonance
as a source of chemical interface damping with an emphasis on periodic [32-33] or thin film
structures [34]. Measurements of reflectance for gold split-ring periodic structures have indicated
a red-shift in the resonance frequency due to the thin Ti adhesion layer [32]. Comparison of surface
Raman resonance of periodic gold nano-cylinders with and without various adhesion layers (Ti,
Cr, TiO2, ITO, Cr2O3 and MPTMS) at a constant thickness indicates a reduction of the amplitude
in the extinction spectra and in Surface Raman enhancement when adding these adhesion layers
[35]. Analysis of the Au – Ti single nanorod demonstrated a drastic decrease in field enhancement
and an increase of decaying time (dephasing time) in comparison with a pure gold nanorod [36].
The presence of a Ti adhesion layer has been shown change nonlinearly the line broadening, and
peak wavelength as a function of Ti% and also reduce the acoustic vibration damping time in Au
nanodisks using single-particle transient extinction spectroscopy [37].

There are few studies that investigate adhesion layer damping of plasmon resonances in single
nanoparticles from a simulation perspective. In this paper, we use a finite element simulation
method to demonstrate surface plasmon damping changes due to thickness and percentage change
of Ti adhesion layer on single Au nanodisks of various sizes. Results from this work expand on
previously explanations of layer interfaces altering resonance positions and broadening spectra.
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We also use the results to model the dependence of the plasmon linewidth as a function of adhesion
layer thickness and percentage in order to quantitatively describe dephasing time.

3.2 Finite element method
1. Method
Finite element method (FEM) [38, 39] simulations were conducted to solve the wave vector form
of the time-dependent harmonics electric field [40]:

∇×

(3.1)

∇ × 𝑬 − 𝑘 𝜀 𝑬 = 0,

Where 𝑬 = 𝐸 𝑥 + 𝐸 𝑦 + 𝐸 𝑧̂ is the electric field, 𝑘 = 2𝜋/𝜆 is the incident electric field
propagation wave vector of wavelength λ, and 𝜀 and 𝜇 are relative permittivity and permeability,
respectively. In the simulation, near-field and far-field results of a gold nanodisk with a thin
titanium adhesion layer of the same diameter surrounded by an effective medium are determined.
For the far field, the normalized scattering efficiency, Qscat is obtained by integrating the time
averaged power flow on a surface far from the nanoparticles as [41, 42]
𝑆

= Re{𝑬

𝑄

=

× 𝑯∗

}

𝑨

∬

(3.2)

(3.3)

| |

Where Escat and Hscat are the scattered electric field and magnetic field, respectively. 𝑄

is the

normalized scattering efficiency, 𝑟 is the radius of the nanodisk, A is an arbitrary boundary
surrounding the gold nanodisk, |I0|= 1/2cԑ0ԑrE02 is the intensity of the incident wave E0, and c is
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the speed of light. The normalized absorption efficiency, Qscat, is determined from the fraction of
integrated resistive heating over the nanodisk volume V divided by the incident power density:
𝑄

=

| |

∬ Re(𝑱

∙ 𝑬∗ + 𝑖𝜔𝑩𝒕

∙ 𝐻 ∗ )𝑑𝑽

(3.4)

where Jtot is the total electrical current density. Inside the integral, the first part of the sum
represents resistive loss (Joule heating) and the second part represents the magnetic loss. The
summation of Qscat, and Qabs, is defined as the extinction efficiency, Qext = Qabs + Qscat.
To investigate the adhesion layer, we considered gold nanodisks with diameter D ranging from 75
− 200 nm. The thickness of the gold nanodisk, tAu, varied from 10 – 15 nm, which is below the
skin depth in the optical and infrared region. We also modeled some disks to have a Ti adhesion
layer with a thickness, tTi, ranging from 1 – 5 nm. As data for the dielectric constants as a function
of wavelength are not available for all wavelengths of light used in this paper, interpolated
dielectric constants of gold and titanium obtained from [43, 44] were used. The incident light
amplitude was set to 1 V/m, polarized in the x-direction, and propagating parallel to the axis of the
nanodisk placed in the x-y plane. Fabricated nanostructure usually includes base substrates such as
glass. The top half part of the simulation is considered air and the bottom half space is considered
glass. The surrounding dielectric environment is treated by effective relative dielectric constant
[45], ԑeff ≈ (ԑair + ԑglass)/2 = 1.25. Qscat from the far field is evaluated on an imaginary spherical
surface at a distance larger than half of the wavelength of the incident field enclosing the
nanostructures. A perfectly matched layer (PML) surface of thickness 250 nm enclosing the
imaginary surface was used as an outer boundary to avoid any backscattering.
3.2 Results and discussions
Next, to understand more the effect of the Ti adhesion layer the smallest nanodisk (75 nm) based
figure 3.1, the results are plotted in figure 2, is considered. A fixed diameter of 75 nm was used,
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with tTi changing from 0 − 5 nm with an increment of 1 nm. The total thickness, ttot, varies from
15 to 20 nm as tTi increases since ttot = tAu + tTi. The disks in 2(a) indicate what ideal nanofabricated
structures looks like.

Fig. 3.1. Spectrum for various tTi when tAu= 15 nm D = 75 nm. (a) Calculated scattering spectra.
Calculated (b) absorption spectra and (c) extinction spectra for the same parameters as in (a) [65].
The peak position of the Qscat spectra in 3.2(a) does not change, but it does slightly broaden and
the amplitude decreased as tTi increases. Comparing the amplitude of the spectra, the absorption
Qabs is the dominant source for the extinction. For some structures, the amplitude of the efficiency
reaches values that are larger than one. This is possible since the plasmonic nanodisks draw in
light from an area significantly larger than their surface area [46]. This effect occurs due to a strong
resonant interaction between the collective oscillations of electrons in the nanostructure and the
incident light. These results demonstrate that the surface plasmon resonance wavelength, as well
as the extent of the plasmon enhancement, is highly dependent on the size and shape of the
structure [47-50]. Increasing tTi blue shifts Qabs and Qext by about 50 nm, a trend not shared by the
Qscat resonance figure 3.2(a). This difference arises because scattering integrates the far field signal
that predominantly originates from the surface of the Au while absorption measures the near field
contribution that comes from both from Au and Ti [51]. This can be explained by the effective
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medium determined by the real and imaginary part of the dielectric constant of Au and Ti. At
resonant wavelength when tTi = 0 nm and tAu = 15 nm, ԑAu = -11.26 + 1.33i and ԑTi = -5.06+ 12.52i.
Approximate regarding Au and Ti nanodisk effective medium by the volume aspect ratio. ԑTi+Au =
ԑTi tTi + ԑAu tAu/(tTi + tAu). The significant increase in effective dielectric constant as shown in
figure 2(b-c) results in the resonance shift of the absorption and extinction efficiency.

Fig. 3.2. (a) Peak resonance wavelength for scattering, absorption and extinction spectra for D =
75 nm disk with tAu = 15 nm as a function of tTi. Effective (b) real and (c) imaginary dielectric
calculated from the volume fraction of Au and Ti [65].
In addition, increasing tTi results in significant broadening of the spectra as well as a decrease in
the amplitudes. These results are useful in understanding the role of the absorptive adhesion layer
on the impact on the surface plasmonic response of noble metals, thus allowing for easy optical
tunability.
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Fig. 3.3. Comparison of the peak amplitude of spectra for various disk diameters with tAu = 15 nm.
Maximum (a) absorption coefficient, (b) scattering coefficient and (c) extinction coefficient as a
function of tTi. (d-f) are similar results from above but include more values for D [65].
The graph in figure 3.3 shows the maximum values of Qabs, Qscat and Qext for four diameters (75,
100, 140, and 200 nm) as a function of tTi. These results indicate that the Qscat peak value, which
is a measure of the enhancement factor [52], decreases independently of the size as tTi increases.
Such a reduction of the near-field amplitude has been reported; the presence of a Ti or Cr adhesion
layer results in a reduced fluorescence signal enhancement [30] and dark-field scattering
measurements [36]. Qabs peak amplitude shows strong decrement for the same tTi as the diameter
changes. Small Au nanodisks have larger amplitude peak values than the bigger Au nanodisks.
This trend is the opposite in the maximum amplitude of the Qscat spectra. Result from amplitude
of 𝑄

shows similar trend as Qabs. In particular, the peak value is strongly affected for tTi up to

2 nm. Results for each diameter in this study are included in the interpolated color plot figure 3.3
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(d), (e) and (f). The values obtained in figure 3.3 (d), (e) and (f) are generally consistent with the
four selected diameter figure 3.3 (a), (b) and (c), indicating that, in addition to peak broadening,
the plasmonic scattering, absorption, and extinction peak amplitude response is also highly
influenced by the thickness of Ti adhesive layer.

The peak resonance wavelength (λmax) from the simulated Qscat spectra for Au nanodisks of D =
75, 100, 140, 160, and 200 nm and tTi ranging from 0 to 5 nm are illustrated in figure 3.4 (a). For
a nanodisk with a tAu = 15 nm and a fixed tTi, the resonance peak blue-shifts as D decreases as
shown in figure 3.4(a). As tTi increases, for D = 75 nm and D = 100 nm the peak resonance dropped
by ~ 50 nm. But for D = 140 nm, 160 nm, and 200 nm, the peak position was not altered
independently of the Ti layer. Thus, as the particles become smaller, the effect of the Ti layer
becomes more pronounced on the peak resonance.

Fig. 3.4. The comparison of peak resonance mode and linewidth of gold nanodisks as a function
of tTi. (a) The comparison of the peak resonance of five diameters obtained from extinction
efficiency spectra. (b) FWHM calculated from the 𝑄
spectra as a function of tTi. Linewidths
of the gold nanodisks are extracted by fitting Gaussian functions to the scattering spectra [65].
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3.3.1 Spectral broadening
In order to characterize the profiles of the spectra, we now consider the plasmon resonance width,
an important parameter in fully characterizing the behavior of an oscillatory system at the
resonance position. The plasmon resonance width is the full width at half maximum (FWHM)
of the spectrum. The shape of the peaks of the spectrum unveils the plasmon mode damping
characteristics. Larger damping is manifested as a broad Lorentzian peak that follows the
Lorentz-Drude profile of the dielectric constant. The exact information on plasmon broadening
is obtained by fitting a Gaussian profile from the Qscat spectra [53-55]. This width is plotted
versus tTi for various diameters in figure 3.4(b); the width increases linearly as tTi increases. A
simple empirical model fits a linear equation obtained from the graph, Δλres = Δλ0 + mtTi, where
Δλres is the change in the FWHM for a given nanodisk diameter, Δλ0 is the FWHM without Ti, and
𝑚 is the proportionality constant. The major result from the fitting is that m is almost constant at
m = ~10.2, independent of D. Narrower linewidth is obtained without the adhesion layer and
broader width when there is an adhesion layer. The FWHM is as small as 80 nm for nanodisks
with diameters of ~ 85 nm, and 140 nm for a nanodisk with D = 200 nm with no adhesion layer.
This shows the FWHM increases with the D, for each tTi. Overall, these results show that the Ti
adhesion layer greatly affects the surface plasmon resonance bandwidths of nanostructures. Thus,
the Ti adhesion layer can significantly broaden the surface plasmon resonance bandwidth due to
the additional absorption in the Ti layer.

37

Fig. 3.5. Calculated broadening and damping parameters of nanodisks with tAu = 15 nm as a
function of tTi for all considered diameters. (a) quantum efficiency (yield), (b) quality factor, and
(c) plasmon modes dephasing (decay) time [65].
The quantum efficiency (η), which is defined as the ratio of Qscat to Qext at their respective
resonance wavelengths, increases with increasing diameters for each tTi as shown in figure 3.5 (a).
Without a Ti layer, the efficiency is ~ 0.217 for D = 75 nm and 0.635 when D = 200 nm. This
increase of the quantum efficiency is due to increases in the absorption efficiency for the larger
size resulting from the increases of the imaginary part of the dielectric constant of Au since the
larger D results in a larger resonance wavelength. According to [56-60], studies of multiple
nanoparticles showed that 𝜂 depends on geometrical parameters such as aspect ratios and sizes of
gold nanoparticles. The result of η for tTi = 0 ranges from 0.2 – 0.65. This matches well with other
results for Au nanostructures [56-60]. The major impact is that adding 5 nm of Ti decreases 𝜂 by
~0.1 for all diameters. This is due to the imaginary part of the dielectric of Ti causing additional
absorption.
3.3.2

Plasmon spectra quality factor and dephasing time

Another parameter that is commonly used to quantify the damping of surface plasmon
resonance is the quality factor, or Q-factor. The quality factor is defined as the energy E stored
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in an oscillator, divided by the energy dissipated per solid-angle radian of the integration space.
In terms of the peak wavelength’s resonance energy, Eres, and the energy of full-width of the
plasmon peak at half its maximum amplitude, Γ, the quality factor is given as (Q = Eres/Γ).
Besides determining the number of oscillations until the oscillation is damped Q further
elaborates, indirectly, the effect of an adhesion layer on the field enhancement. Figure 3.5(b)
shows the quality factor as a function of the tTi for five selected diameters Q decreases by ~3 when
the tTi increases from 0 to 5 nm.
So far, the qualitative approach implemented to analyze the decay mechanism has relied on
characteristics without explanation of specific details of the physics behind the possible decay
dynamics and sources. Several factors contribute to plasmon dephasing; it can reasonably be
assumed that each term of the line broadening effects is independent and hence the aggregate
impacts are quantified by writing the plasmon linewidth Γ as a sum of several plasmon damping
terms contributions as [24, 61-62]
Γ= 𝛾 +Γ

+Γ

(3.5)

+Γ

where 𝛾𝑏 , Γ𝑟𝑎𝑑 , and Γ𝑒−𝑠𝑢𝑟𝑓, Γ𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒 correspond to bulk damping, radiation damping, damping due
to electron surface scattering, and damping due to interfacial effects, respectively. The bulk
damping term γb originates from electron scattering in the metal and is characteristic of the
material. It is well described by the complex dielectric function of the metal and is therefore
frequency dependent. The second term in Eq. 3.5 describes the energy loss mechanism due to the
coupling of the plasmon oscillation to the radiation field, also known as radiation damping. The
Γe-surf shows significant dependence on the size of the Au nanodisks. As smaller sized nanodisks
become shorter than the electron mean free path, the predominant damping contribution comes
from electron surface scattering. The last term in Eq (3.5), 𝛤
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, is solely dependent on the

surrounding environment of the dielectric metal. In our case this is the Ti adhesion layer
contributing in the form of chemical interface damping which leads to a dephasing time T2, which
includes all the possible parameters of surface plasmon resonance damping sources. The effect of
the dielectric substrate, in this study the effective medium (air+quartz), is negligible when the
permittivity doesn’t have a loss factor. Finite-difference time-domain (FDTD) calculations and
experimental values of linewidth for gold nanorods on quartz in [62] showed consistent results;
interface damping due to charge interactions between the gold nanorods and quartz is ruled out as
an additional contribution to the plasmon linewidth, in agreement with the results from the quasistatic model. T2 is the period in which the plasmon amplitude has decayed to 1/e times its
maximum value. From the individual Au nanodisk homogeneous linewidth (Γ) obtained from
the spectra, the dephasing time is obtained using the relation T2 = 2ћ/Γ [63-64]. According to
figure 3.5(c), there are two important outcomes to be noticed. First, for a fixed diameter the
dephasing time decreases as tTi gets larger. The smaller Au nanodisks show significantly larger
changes in comparison to the larger Au nanodisks. In addition, as D gets above 140 nm, the
dephasing time for tTi up to 2 nm shows nearly equal values. The second result is that for the
same tTi the value of T2 for larger nanodisks is greater than that of small nanodisks. This is a
good indication of how the Ti adhesion layer affects the oscillations, increasing the absorption
of the enhanced plasmon field as well as the field that did not get attenuated in the Au disk.
In order to gain more insight into the effects of the adhesion layer, we followed a second approach
wherein we gradually increase the percentage of titanium, Ti%, from 0% to 33%, while the total
thickness is fixed, ttot = tAu + tTi = 15 nm. According to Figure 6(a), λmax gradually shifts to a longer
wavelength when the Ti% increases from 0% to 33% while such consistency has not been observed
in case of a fixed Au thickness, Figure 3.2(a). This indicates the resonance wavelength varies with
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the thickness of the Au for nanodisks. Calculations show that plasmon resonance linewidth
broadens as the Ti% increases, as illustrated in Figure 3.6(b); these results are similar to those in
Figure 2(b).

Fig. 3.6. Calculated peak plasmon resonance wavelength (a) and the full width at half maxima
(FWHM) (b) of nanodisks as a function of Ti% for four selected diameters, 75 nm, 100 nm, 150
nm and 200 nm [65].

Fig. 7. Calculated dephasing time of nanodisks of diameter of 75 nm (a) and 200 nm (b) as a
function of Ti% [65].
Figure 3.7 shows the dephasing time of Au nanodisks of diameter 75 nm and 200 nm for the
two cases. In the first case, which is indicated in blue for both figures, the thickness of gold was
kept constant at tAu = 15 nm. The Ti thickness was increased from 1 – 5 nm, thereby varying
the percentage from 5% to 25%. In both conditions, the dephasing time decreases up to ~ 40%
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with the increase of Ti%. These results illustrate the addition of Ti layer facilitates the decaying
of the SPRs mode faster as a chemical interface damping source.
3.4 Conclusions
Surface plasmon resonances of individual Au nanodisks were investigated as a function of tTi from
a simulation perspective. Results from our techniques characterize the values 𝜂, Q, and T2 as a
function of tTi allowing one to control these parameters by adjusting tTi. We observed a strong
dependence of the surface plasmon resonance on the size of the particles. Strong spectral
broadening and reduced field enhancement when using titanium adhesion layers were observed as
well. The broadening reveals that there is a linear relation with the thickness or percentage of the
adhesion layer. Field enhancement evaluated from the quality factor deteriorates as Ti% increases.
The imaginary component of permittivity for Ti contributes more significantly to the loss factor
than that of Au. The spectral decaying mode that is related to the dephasing time decreases
significantly with tTi. These are due to charge interactions between the Ti layer and Au nanodisk
electron screening process, which creates chemical interface damping. The results in this work
provide a useful tool for optimizing a nanofabrication process that includes adhesion layers on a
dielectric substrate with controlled size and shape.
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Chapter 4 Tuning Infrared Plasmon Resonance of Black Phosphorene

Material used in this chapter is compiled from Debu et al. previously published work [64].

Abstract

We report on the tunable edge-plasmon-enhanced absorption of phosphorene nanoribbons
supported on a dielectric substrate. Monolayer anisotropic black phosphorous (phosphorene)
nanoribbons are explored for light trapping and absorption enhancement on different dielectric
substrates. We show that these phosphorene ribbons support infrared surface plasmons with high
spatial confinement. The peak position and bandwidth of the calculated phosphorene absorption
spectra are tunable with low loss over a wide wavelength range via the surrounding dielectric
environment of the periodic nanoribbons. Simulation results show strong edge plasmon modes and
enhanced absorption as well as a red-shift of the peak resonance wavelength. The periodic FabryPerot grating model was used to analytically evaluate the absorption resonance arising from the
edge of the ribbons for comparison with the simulation. The results show promise for the
promotion of phosphorene plasmons for both fundamental studies and potential applications in the
infrared spectral range.

4.1 Introduction
Studies of the light-matter interaction have been conducted for many materials, commonly
focusing on noble metal films and nanostructures. Noble metals (gold, silver, etc.) support strong
surface plasmon confinement. Surface plasmons are collective wave modes of conduction band
electron oscillations at the interface between two materials; the waves are coherent with an incident
oscillating electromagnetic field [1-4]. Strong locally confined fields can lead to enhanced light
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absorption and Raman scattering. The response of plasmonic metals is predominantly limited to
the spectral range from ultraviolet to near-infrared (NIR). Beyond this spectral range, plasmons
generate weak field confinement, have narrow spectral resonance due to large negative permittivity
[5], and exhibit very limited tunability due to high losses [4-6].
As an alternative, two-dimensional (2D) materials such as graphene have demonstrated low
attenuation of surface plasmon resonance, which is attributed to a unique band structure and high
carrier mobility [7,8]. Graphene plasmons typically occur for the spectral range spanning mid-IR
to low terahertz [8, 9]. This has been achieved experimentally through a wide range of tuning
mechanisms – higher doping levels, reduced structure dimensions, and gate modulation [9-12].
Fabricating graphene requires a substrate and a dielectric environment, which causes the plasmonphonon modes to split into two hybrid modes. The dielectric environment surrounding graphene
plasmonic structures can also cause weak dispersion and short lifetimes. The coupling between
phonons and the plasmon damping effect hinder the utilization of graphene for enhanced light
absorption in the low terahertz to mid-IR range [12-14].
Very recently, black phosphorus (BP), a layered semiconductor with a two-dimensional
“puckered” hexagonal structure in each monolayer (known as phosphorene), has gained attention
in the scientific community as a potential candidate to study surface plasmon polaritons [15-20].
Theoretical and simulation results have revealed that properties of black phosphorous surface
plasmons include polarization dependence when exposed to an electromagnetic field [21, 22],
dependence on the size of the monolayer [23], a quantized magnetic field indicated by discretized
anisotropic magneto-excitons [24], and damping point defects and potential for long-range
disorder [25]. These features are attributed to its high mobility and highly tunable, layerdependent, direct bandgap (0.3 eV in bulk to 2 eV in a monolayer) [26-28], as well as its highly
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anisotropic in-plane electronic and optical properties [28]. In addition, these desirable properties
make BP suitable for other optical material applications such as hyperspectral imaging, thermal
imaging, photodetectors in silicon photonics, and terahertz transistors [29-32]. To date, these optoelectronic properties have been limited to fewer applications due to the instability of BP in ambient
conditions [33-37].
In this paper, we explore BP as an alternative 2D material to address the challenges faced by metals
and graphene for surface plasmon resonance responses to incident light in the mid- to far-infrared
spectral range. First, we focus on a theoretical analysis of the dispersion relation and the
confinement strength of surface plasmon modes excited by a linearly-polarized plane wave on an
infinite phosphorene sheet, taking the surrounding dielectric media into account. Next, we expand
the theoretical work to periodic monolayer BP nanoribbons using finite element simulations. We
select a design that can be easily realized in experiments and use numerical simulations to describe
the tunable resonance and enhanced absorption of the plasmonic modes for capping layers and
substrates of different dielectric values.

Further, a theoretical periodic grating model is

implemented to determine the wavelength of the resonant absorption peak by calculating the phase
of the reflected wave at the edge of the nanoribbon. We also extend the numerical simulation to
study BP nanoribbons enhancing absorption in different directions based on the optical
conductivity change and ribbon width. Finally, we study mechanisms of preserving phosphorene
from oxidation effects while maintaining edge plasmon enhanced absorption. Although phononrelated damping pathways for BP plasmons remain unknown, this work highlights several
attractive features of tunable mid- to far-infrared BP plasmons.
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4.2 Monolayer Black Phosphorene Conductivity Model
Anisotropic, angular frequency (𝜔) dependent, dynamical, 2D surface local conductivity of BP
can be described by the semi-classical Drude model expression [21].
𝜎 =

ℏ
(ℏ

(4.1)

)

Here, 𝑗 denotes the position along the arm-chair direction (𝑥) and zigzag direction (𝑦). 𝐷 =
𝜋𝑁𝑒

𝑚 is the Drude weight, which is dependent on the electron charge, e, anisotropic effective

electron mass, 𝑚 , and electron density, 𝑁. 𝜂 = 1⁄𝜏 is the scattering rate (𝜏 is the carrier relaxation
time, related to finite damping). The anisotropic effective mass for monolayer or bulk BP gives
rise to anisotropic conductivity. Along a plane near the 𝛤-point in the BP band diagram, the
effective electron mass along the 𝑥- and 𝑦-directions are 𝑚

=ℏ

∆

+𝜂

and 𝑚

=

ℏ ⁄2𝑣 [21, 38]. Values of the conduction band parameters for monolayers include the following:
𝜂 = ℏ ⁄0.4𝑚 , 𝑣 = ℏ ⁄1.4𝑚 , ∆ = 2 eV, and 𝛾 = 4 𝑎⁄𝜋 eVm, where 𝑎 = 0.223 nm and 𝜋⁄𝑎
is the width of the Brillouin Zone in the 𝑥-direction [21, 38]. These are chosen such that they yield
the known conduction band effective masses 𝑚

≈ 0.15𝑚 and 𝑚

≈ 0.7𝑚 of monolayer BP.

It is worth mentioning that the band parameters are highly sensitive to the number of BP layers;
any small change explicitly affects anisotropic effective masses [38]. We choose the electron
carrier density to be from 𝑁 = 10

to 5 × 10

cm , and a scattering rate of 𝜂 = 10 meV that

accounts for the finite damping [21]. These N values are within the range reported in ab initio
studies, giving this scattering rate [39, 40]. Monolayer phosphorene is an ultra-thin film with a
thickness of 𝑡

≈ 0.7 nm [27]. Although the monolayer thickness extracted from bulk black

phosphorus is 0.5 nm [39], we choose a slightly larger value consistent with the measured height
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of most samples [18] because this is the one most likely to be realized in experiments and the one
that will determine observed plasmonic effects. We can introduce a phosphorene layer with
volumetric anisotropic permittivity [41] converting the 2D surface conductivity into a 3D
conductivity using the relation 𝜎

=𝑡 𝜎

[42]. Hence, the 3D complex anisotropic dielectric

function for monolayer BP from Eq. (1) is
(42)

𝜀 =𝜀 +

where 𝜀 = 5.65 is the relative permittivity for monolayer BP [43]. This approach has been
previously used in the investigation of surface plasmons in BP [23] and graphene 2D films and
nanoribbons [44].
4.3 Plasmon dispersion model equation
The theoretical dispersion calculation of the plasmonic wave for the transverse magnetic (TM) and
transverse electric (TE) modes in a continuous BP monolayer was performed following the method
outlined by Ju et al. and Grigorenko et al. [45, 46]. A BP layer is situated in the x-y plane,
sandwiched between semi-infinite dielectric materials of relative permittivity 𝜀 (above) and 𝜀
(below). Accordingly, calculations for TM mode and TE mode, propagating perpendicular to the
interface between the dielectric medium, are
𝜀 /𝑘

+ 𝜀 /𝑘
𝑘

= −𝑖𝜎 /𝜀 𝜔

(4.3a)

+ 𝑘

(4.3b)

= 𝑖𝜎 𝜇 𝜔

where 𝜀 is the vacuum permittivity, 𝜇 is the vacuum permeability, 𝑘

𝑘

=

𝑘

,

=

𝑘

,

− 𝜀 𝑘 and

− 𝜀 𝑘 are wave vectors above and below the BP layer and 𝑘 is the vacuum wave
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vector. A rough measure of the plasmon mode confinement comes from the real part of Eq. (4.3a)
and (4.3b). This can be attained when 𝑘
𝑖(𝜀 + 𝜀 )𝜀 𝜔/𝜎

for the TM mode and 𝑘

surface plasmon confinement factor, 𝑛
wave vector by 𝑛

,

≫𝜀 𝑘

and 𝑘

,

≫𝜀 𝑘

, leading to 𝑘

=

= 𝑖𝜎 𝜇 𝜔/2 for the TE mode. Accordingly, the

, for the infinite BP sheet is related to the free-space

= 𝑘 ⁄𝑘 . The real part of 𝑛

is directly related to the degree of

confinement, and the imaginary component corresponds to the propagation length. Fig. 4.1(a) plots
analytical results of TM mode light dispersion for four selected dielectric substrates with n1 taken
to be air. The confinement strength indicates a directly proportional effect of the dielectric constant
of the materials surrounding the infinite BP layer. The plasmon confinement strength is on the
order of a hundred over the IR range, being comparable to that of graphene [47], while the value
for noble metals is close to one. It can be noted that TE mode confinement is barely possible, as
the imaginary part of the conductivity, 𝜎 , in Eq. (4.3b) is positive over the infrared range of the
spectrum, corresponding to high loss. It is worth noting that the surface plasmon dispersion can be
controlled by the optical conductivity of phosphorene via 𝑁. Doing so enables switching between
surface plasmon modes that are strongly IR-supported and those that are not.
An alternate way to realize strong coupling and extreme field confinement with localized plasmons
is by decreasing a BP sheet to finite nanoscale in-plane dimensions [23]. Finite size BP can add
exotic edge states and lateral confinement in the main band gap [48]. For ideal edges and sub 10
nm scale structures, these would need to be addressed to take into account the quantum effects on
the plasmonic resonance. However, atomic resolution scanning tunneling spectroscopy of
exfoliated black phosphorus reveals only a trivial modification of the band gap at the sample edges
[49]. In addition, monolayer black phosphorus nanoribbon widths below a few nanometers are
required to significantly modify the band gap [48, 49]. In this study we focus on properties of
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plasmonic responses for periodic nanoribbons with a minimum width of 100 nm and minimum
gap of 25 nm. Due to this geometry, the spectral range of the plasmonic resonances studied here
is substantially greater than the Fermi wavelength of BP nanoribbons [48]. Because of the
aforementioned conditions, the quantum effects can be neglected. From here forward, we focus on
properties of plasmonic responses for such reduced periodic arrays of BP ribbons. We have
investigated these using a classical model with optical constants of infinite 2D monolayers of black
phosphorus, Eq. (4.1) and Eq. (4.2).
A 3D schematic view of the structure designed for the study of localized surface plasmon
polaritons (LSPPs) supported by BP is depicted in Fig. 4.1(b), with a corresponding 2D crosssectional view shown in Fig. 4.1(c). The arrays of monolayer BP nanoribbons are periodically
arranged in the x-y plane (z = 0). To confine the enhanced light, an optically thick gold reflector
surface was added to the bottom of the model. In the z-direction, nanoribbons are separated from
this reflector surface by a dielectric spacer with refractive index 𝑛 = √𝜀 , (z < 0). A top dielectric
medium with refractive index 𝑛 = √𝜀 , (z > 0), covers the BP nanoribbon arrays. Data from
Palick et al. for wavelength-dependent optical constants of gold were applied to the simulation
[50].
4.4 Simulation method:
Two-dimensional FEM simulations [51] were performed to calculate electromagnetic field
distributions and absorption spectra on nanoribbon cross-sections that assume infinite length in the
y-direction. The 2D simulations can accurately approximate calculations of 3D structures so long
as the length of the ribbon is large enough compared to the propagation and coupling length of the
surface plasmon wavelengths. Periodic boundary conditions were applied along the left and right
edges of the model (along the x-direction). Perfectly matched layers (PMLs) were added above
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and below this structure to eliminate the back scattering of electromagnetic waves from the model
boundaries. A plane wave polarized in the x-direction illuminates the ribbons from above, normal
to the substrate surface, in the TM case for the periodic structure. The top boundary was set as the
input port and the bottom as the output. A non-uniform mesh was adopted, and the minimum mesh
size inside the BP layer equals 0.01 nm, gradually increasing to 50 nm outside the dielectric region.

The electric field intensity distributions obtained from a finite element electromagnetic simulation
[51] are shown in Fig. 4.1(d – f) for the simulated illumination via plane wave at downward normal
incidence for three different wavelengths. The width (𝑤) of the BP ribbon was set to 150 nm, the
period (𝑃) to 250 nm, and the gap (𝑔) between each ribbon was 𝑔 = 𝑃 − 𝑤 = 100 nm. The ribbon
width and period were selected so that the tunable range for wavelength went through the far-IR
region of the electromagnetic spectrum. The ribbon was modeled to be surrounded by air (𝑛 =
1.0) on the top surface and a dielectric substrate (𝑛 = 1.71) of thickness 5 µm beneath. The
dielectric substrate was made greater than 𝜆/2 to avoid any coupling effects of the local fields near
the BP ribbon and the gold surface. The field distribution reveals that the surface plasmon is highly
confined at the edges of the nanoribbon and the confinement strength of the localized field is highly
dependent on the excitation wavelength.
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Figure 4. 1. Simulation of the electromagnetic response of illuminated BP. (a) Plot of the real part
of the SPP modes supported by a BP infinite sheet for four different dielectric media as measured
by its vacuum wave vector. (b) 3D schematic of periodically patterned phosphorene nanoribbons
on a dielectric layer (light blue) atop a gold reflective surface. Period, P, and ribbon length, w, are
labeled. (c) Cross-sectional view of (b) with the BP, Au, two dielectric layers, n1 and n2, and light
propagation and polarization directions, E and k, labeled. (d) – (f) Calculated distributions of the
electric field enhancement, which is defined as the ratio of the local electric field amplitude, 𝐸 ,
to that of the incident light, 𝐸 . The modeled parameters include 𝑤 = 150 nm, P = 250 nm, 𝑛 =
1.0, and 𝑛 = 1.71, N = 1013 cm-2, at λ = (d) 31.1, (e) 27.5, and (f) 20.1 µm.

Strong field enhancement and localization of plasmon modes in the two-dimensional structure
leads to enhanced spectral absorption depending on the shape and the selection of appropriate
surrounding dielectric material [52]. Fig. 4.2(a) displays simulated normal-incidence absorption
spectra of the BP nanoribbons for 𝑤 = 150 nm and 𝑃 = 250 nm. Here, the top medium was set to
the refractive index, 𝑛 , of air, and the absorptive substrate was swept from 𝑛 = 1.0 to 3.32. Some
of the selected indices of refraction, 𝑛 , values chosen match materials such as Al2O3 (1.71) [53],
KBr (1.43) [54], PMMA (polymethyl methacrylate, 1.45 [55]), PS (polystyrene, 1.50) [55], and Si
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(3.32) [50]. Fig. 4.2(b) is a plot of the resonant wavelengths (those with absorption peaks) versus
the 𝑛 values at which they occur, and Fig. 4.2(c) shows the absorption values at these peaks.

Figure 4.2. Calculated results showing the effects of varying 𝑛 on the absorption spectrum with
𝑛 held constant. (a) Simulated normal-incidence TM mode electric field absorption spectra for
BP nanoribbons surrounded by air (n1 = 1.0) and different substrate materials with refractive
indices, 𝑛 , and a BP electron density of N = 1013 cm-2. (b) Absorption peak resonant wavelength
of the fundamental mode (𝑚 = 1) with respect to the refractive index of the substrate dielectric
layer (𝑛 ). The red dots are from the finite-element method (FEM) simulations, and the blue dotes
are calculated from the theoretical model described in Eq. (4). (c) Peak absorption amplitude as a
function of 𝑛 .
As 𝑛 is increased, the absorption peak position shifts to higher infrared wavelengths, Fig. 4.2(b),
and broadens; and the amplitude generally decreases, as plotted in Fig. 4.2(c), indicating increased
damping. Following grating theory, the peak absorption wavelengths, matching the resonant
conditions of periodic BP nanoribbon, can be obtained from Eq. (4.4) under irradiation of light at
normal incidence,

𝜆 = 𝜋𝑐

(

)
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.

(4.4)

Here, 𝜆 is the resonance wavelength of the BP plasmons, 𝑐 is the speed of light, 𝑃 is the period,
𝜀 is free space permittivity, e is the charge of a single electron, and m is a positive integer (m = 1,
2, 3, …) representing the order of the dispersion of the mode confinement diffraction. The
resonance wavelengths of the analytical solution, Eq. (4.4), obtained via the periodic grating
approach, do not consider the near-field interaction between the BP ribbons when the period is
much smaller than the surface plasmon resonance wavelength, and disregards nonlocal effects.
Due to coupling of plasmon waves between nearby BP nanoribbons and multiple anomalous
reflections between the two edges of the ribbon, the reflected plasmon waves can form an
interference process that incorporates a phase factor other than 𝜋. The surface plasmon at the
resonance point undergoes constructive interference with the reflected wave between the edge,
satisfying 2𝑤𝑅𝑒(𝑘 ) + 2𝜙 = 2𝑚𝜋 [56, 57]. Here, 𝑤 is the ribbon width, 𝜙 is the reflection
phase at the edge, and m is an integer for the peak resonance order. The value of 𝜙 can be obtained
analytically by fitting the simulated data of a given ribbon surrounded by an arbitrary dielectric
medium using Eq. (4.5),

𝜙⁄𝜋 = 𝑚 −

(

)

.

(4.5)

Fig. 4.2(b) and (c) illustrate the absorption resonance wavelength for different values of n2
obtained both via simulation and theoretical calculation via Eq (4.5). It is found that primary mode
red shift linearly as the dielectric constant increases of the resonance wavelength consistent result
in both theory and simulation. To further elucidate the effect of the surrounding dielectric, Fig.
4.3(a) and (b) show calculated and simulated absorption spectra for a range of 𝑛 from 1 to 1.71
for fixed 𝑛 = 1.71. The first-order phase factor was calculated using Eq. (4.5) for ranges between
0.41π and 0.46π, depending on the dielectric environment. Although similar situations are
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observed, the spectral broadening and resonance wavelength shifts are much weaker compared to
the case of changing 𝑛 . The absorption peak wavelengths are only for dipolar modes and stay
between 27% to 41% with the change of the top dielectric environment, Fig. 4.3(c).
The resonance properties in the absorption spectra intensity and line width are also influenced by
the optical loss in the BP ribbons, which is mainly characterized by the real part of the conductivity.

Figure 4.3. Calculated results showing the effects of varying 𝑛 on the absorption spectrum with
𝑛 held constant. (a) Simulated normal-incidence TM mode electric field absorption spectra for
BP nanoribbons surrounded by different materials with refractive indices, n1, on a substrate with
𝑛 = 1.7 (Al2O3) and a BP electron density of N = 1013 cm-2. (b) Absorption peak resonant
wavelength of the fundamental mode (𝑚 = 1) with respect to the refractive index of the
surrounding dielectric layer (𝑛 ). The red dots are from the FEM simulations, and the blue dotes
are calculated from the theoretical model described in Eq. (4). (c) Peak absorption amplitude as a
function of 𝑛 .

4.5 Phosphorene supported absorption enhancement
The theoretical model predictions of enhanced infrared absorption and plasmonic resonance
depend on the effective mass and density of carriers in the BP ribbons. The wavelength of the
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plasmon resonance in phosphorene nanoribbons scales proportionally with 𝑁

/

, the same as in

conventional semiconductors but contrary to graphene nanoribbons, which show a proportionality
of 𝑁

/

[45]. According to Eq. (4.5), decreasing the anisotropic effective mass, which is

dependent on the BP layer thickness, results in a blueshift and strong plasmon localization, while
increasing the electron carrier density causes a redshift. The electron (carrier) density, related to
the carrier mobility, is controlled by the chosen type of dielectric interface, [58, 59] the
introduction of doping, or gated-modulation [21]. To understand the tunability of the plasmon
resonance and therefore the absorption wavelength in BP ribbons, it is instructive to inspect the
significance of altering the conductivity and the ribbon geometry.
The armchair and zigzag directions of phosphorene are shown in Fig. 4.4(a) and (b), respectively.
We would like to achieve higher absorption enhancement for light polarized in each direction.
Here, optical constants of n1 = 1.0 and n2 = 1.71 and a reflective gold layer, as in Fig. 4.1(b), were
considered. According to Eq. (4.5), one can tune the absorption spectra by changing the number
density and the width of BP ribbons. To better quantitatively understand this tunability, absorption
simulation results were obtained for the situation where the number density N = 5×1012, 7.5×1012,
and 2.5×1013 cm-2, and the period was constant at P = 250 nm over a range of w from 100 nm to
225 nm. Fig. 4.4(c) and (d) show plots of absorption spectra for light polarized in the armchair and
zigzag directions, respectively, for the simulated range of w values for N = 2.5×1013 cm-2. The
results for N = 5×1012 and 7.5×1012 cm-2 are provided in supplementary Fig. S (C. 5.)
The peak absorption wavelength position is highly sensitive to w due to the resonance condition
of the localized surface plasmons, and it is also affected by the ribbon spacing, g(w) = P – w, due
to strongly coupled resonances between neighboring ribbons. With a constant period of 250 nm,
the gap between ribbons becomes small for large w, increasing the strength of the coupling effect.
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Shown in Fig.4. 4(c), the absorption is minimal for light polarized in the armchair direction when
w is small (and the gap is large) – due to weak plasmon localization and less field confinement at
the edges. As w increases, so does the absorption, up to 0.83 for w = 225 nm, corresponding also
to the smallest spacing value (g = 25 nm), since the coupling between neighboring ribbons
increases. For the larger widths, the absorption peak also redshifts as w increases due to both widthdependent plasmon resonances and gap-dependent coupling between ribbons. In the zigzag
direction, Fig. 4.4(d), the resonant wavelength redshifts from ~25 μm to 47 μm over the range w
= 100 – 225 nm. In both the armchair and zigzag orientations, the peak shift shows that the ribbon
width and spacing play important roles in tuning the BP ribbon plasmon resonance. The difference
in the peak position and amplitude for the same values of w between zigzag and armchair directions
is due to each atomic orientation having different anisotropic masses, which leads to different
imaginary parts of the dielectric function; see Eq. (4.1) and (4.2).
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Figure. 4.4. Comparison of the optical response of light polarized in the (a) armchair and (b) zigzag
directions. Simulated absorption spectra for normal-incidence TM mode light polarized along the
(c) armchair and (d) zigzag directions for different w. Here, n2 = 1.71, n1 = 1.0, N = 2.5x1013 cm-2,
P = 250 nm, and w is swept from 100 to 225 nm.
The absorption strength in the zigzag direction increases from 0.14 to 0.48 for number density N
= 2.5×1013 cm-2, compared to the absorption peak value of 0.13 reported by Liu and Aydin for
N = 1013 cm-2 [23]. When one compares the peak wavelengths between N = 1013 cm-2 (Fig. 2) and
N = 2.5×1013 cm-2 (Fig. 4.4) for w = 150, both armchair and zigzag directions show a blueshift of
the absorption peak with increased carrier concentration, consistent with the prediction of Eq.
(4.5). For carrier number density below N = 1013 cm-2 (see supplementary information), a widthdependent-dominant absorption is observed in the armchair direction and a weak resonance in the
zigzag direction.

Therefore, changing the electron number density, N, by using different

substrates, doping the BP, or gating introduces a mechanism for tuning and amplifying the
plasmonic resonance in BP.
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4.6 Dielectric encapsulated periodic black phosphorene ribbon
Black phosphorus is highly reactive with oxygen; upon exposure to the environment, it degrades
in a matter of minutes or hours [21, 31-37]. Also, exposure to moisture causes significant distortion
of its structure, causing the formation of porous regions that eventually decompose [31-37].
Encapsulation of BP with a thin dielectric sheet is essential for stability [58, 59]. Therefore, we
investigate how the dielectric sheet affects the edge plasmon modes in BP. Numerical simulations
have been performed to demonstrate the electromagnetic response of phosphorene nanoribbons
capped with two materials: a lossless dielectric, Al2O3, and a hyperbolic metamaterial hexagonal
boron nitride (hBN) with optical constants obtained from [60].
First, encapsulation via Al2O3 was studied, with the results shown in Fig. 4.5. Fig. 4.5(a) shows
the geometry of the model. For consistency with earlier discussions, we kept P = 250 nm, w = 150
nm, n1 = 1.0, and n2 = 1.71, the refractive index of Al2O3. Fig. 4.5(b) shows the absorption spectra,
corresponding to infrared plasmons, with the BP ribbon positioned at different distances (d) inside
the substrate in the armchair direction. The peak wavelength shifts by approximately 1.5 μm as d
increases from 0 to 10 nm inside the substrate, shown in detail in Fig. 4.5(c). The range of d is
important to maintain the absorption amplitude so that it does not lead to a large change in the
optical path length within the dielectric, potentially creating a standing wave. The small shift in
wavelength and consistent peak absorption amplitude from Fig. 5 verify that dielectric layer
encapsulation helps to conserve the main plasmon resonance properties. These small fine-tuned
plasmon wavelength shifts due to a thin capping layer have interesting implications for light-matter
interactions with regard to BP plasmon infrared nanoresonators, potentially for highly sensitive
sensors.
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Figure 4.5. Results for simulated patterned BP nanoribbons encapsulated by a dielectric buffered
layer at different depths, d. (a) 2D cross-sectional schematic (b) Simulated absorption spectra
for d = 0 – 10 nm and (c) resonance peak position as a function of d. Here, P = 250 nm, w = 150
nm, n1 = 1.0, N = 1013 cm-2, and n2 = 1.71 (Al2O3).
Next, we simulated hBN, anisotropic hyperbolic material, as an overlayered sheet for preserving
the surface of the BP ribbons from degradation. hBN provides a superior protection layer for BP,
mainly because it provides high mechanical strength, high thermal stability and chemical inertness
[59, 61]. In addition, the layer numbers (thickness) of hBN can be precisely controlled from
monolayer to multilayer during the fabrication process through mechanical exfoliation or
chemical vapor deposition methods [62]. Fig. 4.6(a) and (b) depict the simulation design for BP
ribbons encapsulated with hBN layers of different thickness, d. The armchair and zigzag
directions are depicted again in Fig. 4.6(c) and (d), respectively. The simulated total absorption
spectrum with d swept from 0 to 10 nm for TM polarized light in the zigzag and armchair directions
are shown in Fig. 4.6(e) and (f), respectively.
The case of extremely small gaps between ribbons (w = 225 nm) was studied for N = 2.5x1013 cm2

. As shown in Fig. 4.6(e) and (f), the resonant wavelength shifts from 29 μm to 39 μm for armchair

polarization, and 47 μm to 56 μm for zigzag. The gradual peak redshift is significantly larger than
that of BP embedded in Al2O3. The absorption intensity is maintained between 80% and 90% in
the armchair direction. The zigzag peak absorption drops gradually from 42% to 29% as the
thickness of hBN increases, less than half of the values for armchair peak absorption. The
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presence of the hBN results in a strong localization of the field at the hBN/BP/dielectric
interface in armchair direction and weak localization for zigzag. This is mainly due to the full
electrical contact and strong interactions in the hybrid interaction that can arise between the
ribbon plasmons and a thickness dependent phonon polariton mode that can arise in the hBN [63].
In addition, a noticeable broadening of the absorption peaks occurs for both polarization directions
with the introduction of hBN on the BP ribbons.

Figure. 4.6 (a) 3D and (b) 2D schematics of the simulated BP ribbons covered by a protective
layer of hBN film of thickness d. (c) Armchair and (d) zigzag polarization directions as shown in
Fig. 5. Simulated normal-incidence TM mode electric field absorption spectra for different
thicknesses of hBN encapsulating BP for (e) armchair and (f) zigzag directions. Here, w = 225 nm,
P = 250 nm, n1 = 1.0, n2 = 1.71, and N = 2.5x1013 cm-2.

4.7 Conclusion
In summary, we have investigated propagating surface plasmon properties of black
phosphorus sheet- and edge-confined plasmons in surrounding dielectric structures for
enhanced tunable absorption. Theoretical schemes of the plasmonic dispersion showed
65

dependence on BP anisotropy, light polarization direction, and dielectric material. In
particular, the confinement factor of SPPs has a strong effect, a factor of hundreds, on isolated
BP and that increases as the refractive index of the surrounding media increases. Scaling of
BP into the nanoribbon size leads to the formation of edge plasmons that trigger enhanced
absorption. Simulation results of the spectral position and the absorption peaks can be adjusted
both by the anisotropic nature of BP as well as by parameters such as the refractive index,
ribbon size, ribbon spacing, and electron density; and the results have validated the theoretical
prediction. Additionally, simulations of plasmon enhanced absorption behavior encapsulated
the BP ribbon with either a protection nanolayer of lossless dielectric material or the
metamaterial hBN to address the possibility of degradation through oxidation. The result
shows further mechanisms of tuning resonance modes in infrared wavelengths due
to hybridization of BP ribbon edge plasmon and the hyperbolic modes of hBN. The research
achievements reveal a promising future for black phosphorene as a plasmonic material with
properties that can give a viable platform to plasmon modulated optoelectronic devices across
the infrared region of the spectrum.
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Chapter 5
Hybrid hyperbolic surface plasmon phonon polariton for spontaneous emission
Abstract
We use theoretical models to study low THz electromagnetic wave propagation in ferroelectric
and graphene/ferroelectric hybrid structures. Ferroelectric LiNbO3 can be considered a natural
hyperbolic material that supports both type I and type II Reststrahlen hyperbolicity phonon
polariton dispersion. Isolated graphene, which supports surface plasmons in both the mid-infrared
and terahertz ranges, strongly couples with ferroelectric hyperbolic phonon-polaritons, forming
tunable hybrid plasmon–phonon-polaritons (HSPPs). Through variation of the chemical potential
of graphene and the thickness of the ferroelectric layer, the supported HSPPs modes were
investigated. Results include bands with considerably flat dispersions as well as linear and hybrid
dispersions crossing beyond the longitudinal and transverse phonon frequency range of LiNbO 3.
Comparative analysis of Purcell radiation presented for a point dipole (quantum emitter)
positioned at different locations between ferroelectric and graphene-integrated ferroelectric layers
reveals that this system can support strong spontaneous emission that can be modulated with the
graphene chemical potential. Changing the chemical potential through selective voltage biasing
demonstrates a substantial increase or decrease in the decay rate for spontaneous emission. Further
analysis of the emission phenomenon shows a dependence on factors such as the relative radiating
source position and the thickness of the ferroelectric film. Such characteristics make grapheneferroelectric materials very promising candidates to modify the light-matter interaction at low THz
ranges for thermovoltaic devices and waveguiding modulators.
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5.1 Introduction:

The discovery of graphene two dimensional (2D) materials [1,2] has drawn immense scientific
attention both experimentally and theoretically for advanced electrical or optoelectronic
application [3,4]. Particularly an external electric field strongly interacts exciting electrons
collective vibrate, surface propagating plasmons (SPPs) [5,6,7,8]. The surface oscillating electrons
are extremely confined

with a relatively low level of losses much better-quality properties

plasmon than traditional noble metals and that operates mostly optical wavelength, infrared
operating plasmonic materials [9,10,11,12,13,14,15]. Mainly at longer wavelength conventional
metals such as Au, Ag and Al behaves nearly as perfect electrical and above near infrared
wavelength suffers loss [16]. So, for above infrared studies phononic materials which supporting
propagating and localized surface phonon polaritons (PSPPs and LSPPs, respectively) widely used
[17]. But in longer operation wavelength materials are limited in very narrow spectrum, typically
bounded between the longitudinal and transversal phonon modes hence lucks flexibility. Since
graphene plasmon can be controlled several mechanisms such as optimization of geometry [18],
number of layers [18], dynamically tuning by means of chemical doping or gate voltage from
infrared to THz range [18] and mechanical strain [19,20,21], magnetic bias [22,23].
With this insight high quality heterostructures that support propagating phonon modes or
hyperbolic phonon-polaritons (HPPs) consists of graphene are regarded to have great potential for
plasmonic applications. Both theoretical prediction and experimental extensive investigation of
graphene plasmon and surface phonons polariton (SPPs), in widely availability of mid-IR optical
materials, most notably silicon carbide (SiC), [24,25,26,27,28,29,30], SiO 2[26,31,], HfO2 [26],
SiNx [32] offered bigger picture of the hybridization mechanism that lead to formation of localized
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Surface-Plasmon-Phonon-polarions (SPPPs). Other candidates, thin III-V group semiconductor
epilayers such as (heterostrucure of GaAs /AlAs GaAs) [33] results stronger graphene-induced
optical phonon quenching than that of thin metal films. of coupling of graphene proposed giving
rise to novel metamaterials which make use of easy gate tunability of the electron density on
graphene.
In Piezoelectric materials (ZnO and AlN) plasmons can be switched electrically, resonance can be
controled by electrostatic gating with low damping of surface-phonon frequency, in midinfrared
frequency range [AIN and ZnO [34]. In addition, material that have type I and type II hyperbolicity
of so called, reststrahlen bands, supports propagating HPPs [35] hybridization with graphene SPPs
has been also gained attention [36,37,38]. In particular, several experiments conducted to
demonstrate the polar van der Waals crystal, hBN, natural two types of hyperbolic responses (two
type restrahelen band) [35] exhibits both low losses and long-lived midinfrared hybridized HSPPs
[36,37,38]. These studies flourished coupled hybrid modes propagating over relatively long
distances, [36,37,38] as well as highly confined three-dimensional [36,37,38,39,40]. Beside such
progress at hand studies on interaction of graphene plasmon using hyperbolic material is seldom
reported in the low terahertz regime (< 20THz) as most of the natural hyperbolic materials are
limited between infrared and near optical frequency range which they show hyperbolic property.
In fact, emergence of artificially-engineered THz metamaterial enables the manipulation of the
electromagnetic properties. These structures require toying with multiple geometry at nanoscale
demanding fabrications precision that physically introduce internal interfaces.
With this insight lithium niobate (LiNbO3) is a polar ferroelectric material that supports
subdiffraction confinement of light-waves in two Reststrahlen band within the low terahertz
regime (0-15 THz). Experimental advances in recent years and fabrication technique of graphene
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on substrate ferroelectric LiNbO3 [41,42,43,44,45] [46] and other ferroelectric materials
[47,48,49,50,51] recently, have drawn considerable attention. Graphene/ferroelectric interfaces play
a crucial role in the performance of graphene-based electronic devices; electrically programmable
nonvolatile memory and field effect-transistors [52,53]. Due to long phonon lifetimes
(picoseconds), low loss, high quality factors, high non-linearity and thermal phase transition,
graphene/ferroelectric

interfaces

are

highly

suitable

for

several

THz

applications

[54,55,56,57,58,59]. Graphene plasmon hybridization with ferroelectric that supports surface
phonon polariton terahertz range leads to the extreme confining quality waveguides compared with
conventional dielectric [60]. Absorption spectra of graphene-LiNbO3 hybrid systems shows
number of graphene layer dependence, [61], high attenuation and planar tunable waveguides with
ultra-low loss in THz region [62]. Visible to mid-wave infrared range propagation of TM surface
plasmon polaritons of graphene is controllable by different polarization levels and polarization
direction of ferroelectric domain of LiNbO3 [63,64]. Based on these progresses, expanding the
studies of the actively tunable HSPPs modes of graphene and nanolayer ferroelectric films using
light is substantial interest.
In this work, we demonstrate that combining optical parameters of graphene and the optical
phonon resonances response of ferroelectric nanolayer LiNbO3 introduces several bands rich
features of HSPPs modes. The dispersion modes of the hybrid structure result frequencies outside
the hyperbolic band range in low THz energy of the ferroelectric. One effective way to get insight
the light matter interaction process in graphene, hybrid hyperbolic material is quantitative analysis
of spontaneous emission (SE) rate or Purcell factor (PF) [65,66,67,68,69,70,71,72]. We explore
characteristics of tunable SE in low THz spectra based on gate voltage modulation of graphene,
dipole location, and ferroelectric layer size achieved from single quantum (dipole) emitter.
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Figure 5.1. 3D and corresponding 2D schematics of three different structural configurations as
studied in this work. (a) and (d) air/LiNbO3/substrate, air/graphene/LiNbO3/substrate (b) and
(e), and air/graphene/LiNbO3/graphene/substrate (c) and (f). The coordinate axes are shown in
(a), with incident radiation shown polarized in the x-direction and propagating in the z-direction.
The circuit configurations shown in (b) and (c) represent AC voltage sources.
5.2 Optical conductivity of graphene:
The local limit 2D complex conductivity of graphene sheet, within the random phase
approximation is given as [74]

𝜎(𝜔, 𝜏, 𝜇, 𝑇) = 𝑖

ℏ (

)

+ 2 ln 𝑒

⁄

+1

+𝑖

ℏ

ln

|

|

|

|

ℏ
ℏ(

)

,
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Here, the first and second terms are the intraband and interband contributions, respectively, 𝜔 is
the angular frequency, 𝑘 is Boltzmann constant, T is the temperature, e is the electron charge, 𝜏
is a finite relaxation time, and 𝜇 is the chemical potential. The chemical potential can be
modulated by external voltage biasing [75], and the relation between the gate voltage (𝑉 ) and the
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chemical potential is 𝜇 = ℏ𝑣

𝜋|𝛼 (𝑉 − 𝑉 )|, where 𝑉 is the voltage from natural doping at

the Fermi level and 𝛼 ≈ 9 × 1016 m−2V −1, estimated from a parallel-plate capacitor model [75].
We assume constant temperature, T = 300 K, and constant 𝜏 =10-13 s which are also within the
range of experimentally attained values [9].
5.3 Low terahertz anisotropic hyperbolic optical media
We choose LiNbO3 as the ferroelectric layer because it has uniaxial anisotropic properties in low
THz range. The dielectric tensor is uniaxial and have opposite signs which are essential several
applications. The dispersion relations for optical iso-frequency surfaces for the momentum vector
and permittivity
𝑘 /𝜀
𝜀

are, 𝑘 /𝜀

+ 𝑘 /𝜀

+ 𝑘 /𝜀

= 𝜔 /𝑐
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= 𝜔 /𝑐 for TM- and TE-polarized waves, respectively. Where 𝜀
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+

= 𝜀|| ≠

= 𝜀 . Here, 𝑘 , 𝑘 , and 𝑘 are the 𝑥, 𝑦 and 𝑧 components of the wave vector, respectively,

𝜔 is the wave frequency, and 𝑐 is the speed of light. LiNbO3 supports spherical or elliptic isofrequency in the TE-polarization, and it shows hyperbolicity in the TM case. Using in-plane (𝜔
and 𝜔

,

) and out-of-plane (𝜔

,||

and 𝜔

,|| )

,

transversal and longitudinal phonon vibrations,

the dielectric constant of LiNbO3 in the THz range can be described by a Lorentz oscillator model
as [76,77]
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where 𝑢 stand for = ⊥ or || . At room temperature, the dielectric parameters are 𝜀
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= 408.8 cm−1. Depending on the sign of the real part of the relative permittivity in a given direction,
LiNbO3 can have one of the two terahertz hyperbolicity bands [76]. For type I hyperbolic bands,
𝜔

,||

= 253.5 cm-1 and 𝜔

𝜔

,||

= 224.2 cm−1.

,|| =

408.8 cm−1; for type II hyperbolic bands, 𝜔

,||

= 153.5 cm−1 and

5.3.1 Surface plasmon and hyperbolic phonon polariton dispersion
The first objective of this work was to numerically the characteristics of HPPs of LiNbO 3, SPPs
of graphene and the combined effects on these dispersion modes in the THz range. The dispersion
modes for graphene integrated layered material can be determined from the Fresnel’s total
reflection coefficient [78]. The reflection coefficient of TE-polarized and TM-polarized waves
propagating in the normal direction from the air side in each layered structure (as differentiated in
Fig. 1) can be generally expressed as (see chap. 2.3),

𝑟
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=

𝑟
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(5.4)

where the subscripts 1, 2, and 3 correspond to the air, ferroelectric material, and substrate,
respectively. Graphene is treated as a 2D conducting sheet in the reflection coefficient calculation
while solving Maxwell’s equation with appropriate boundary conditions [79]. The reflection
coefficient 𝑟

,

and 𝑟

,

(for figure 2.2b) is given by (see chap. 2.2),

𝑟 =

,

,

77

(5.5)

,

𝑟 =

,

(5.6)

,

where 𝑘

=

𝜀 𝑘 −𝑘 , 𝑘

𝜀 𝑘 − 𝑘 , and 𝑘

𝑟

=

,

(5.7)

𝑟

=

,

(5.8)

=

,

𝜀 𝑘 −

,||

𝑘 , 𝑘

=

𝜀 𝑘 −𝑘

, 𝑘

=𝑘 , 𝑘

=
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is the tangential component of the wavevector along the propagation direction (x-direction) that
gives general dispersion modes. 𝜇

and 𝜀

are permeability and permittivity in vacuum,

respectively. The Fresnel coefficients for figure a is evaluated by setting 𝜎 = 𝜎 = 0 in and for
figure b 𝜎 = 0.
5.3.2 Purcell factor
There are significant effects of the surface plasmon-phonon modulated light-matter interaction of
graphene in the hyperbolic material on the lifetime of SE processes of quantum emitters in the
THz range. The competing SE rate (Purcell spectra) [80,81,82] in the presence of a dipole emitter
oriented in the z-direction (perpendicular, 𝑷 = 𝑝 𝑧̂ ) above a semi-infinite plane (the three
schematics in Figure 1) normalized by the emission of dipoles in free-space is (see chap. 2.4)

=1+

𝑅𝑒 ∫
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where 𝛤 =
and 𝑟

|

|
ℏ

is the spontaneous emission rate of a dipole in free-space, 𝑘

=

𝜀 𝑘 −𝑘 ,

is the TM- polarized total reflection coefficient of a give layered medium.

The choice on perpendicular orientation in this work is mainly for parallel oriented dipole leads to
SE rate into SPs of a single emitter gives half the corresponding value to the same perpendicular
emitter direction to the [81,83]. Figure 5.1 depicts the schematics of three structure configurations
to study HPPs of ferroelectric and SE rates of a thin slab on substrate (c) structure. A graphene on
the surface of the ferroelectric slab and (d) ferroelectric sandwiched between two graphene layers
(e). The graphene layers are connected in such a way that an external voltage source can be used
to modulate its optical properties.
5.4 Surface plasmon and hyperbolic Phonon polariton dispersion
5.4.1 Graphene surface plasmon chemical potential
First, we investigate independently the optical response of an infinite graphene sheet in air and
in a thin slab of LiNbO3 on substrate in low terahertz frequencies. In figure 5.2 (a, b) we plot the
propagation vector and wavenumber of highly doped freely suspended graphene for chemical
potentials 𝜇 = 0.1 eV and 𝜇 = 0.3 eV, obtained from the false color map of the imaginary part of
the Fresnel reflection coefficient (Im (𝑟 )) for a TM-mode incident field using Eq (5.5). In freely
suspended graphene the surrounding dielectric permittivity is set one. The bright false color are
indicators of the surface confined electromagnetic waves created due to the incident light coupling
with the electrons known as surface plasmon polaritons (SPPs). Increment of the chemical
potential shift the narrow bright region to lower 𝑘 due to energy loss of the incident light and
smaller propagation loss.

The confinement of SPPs towards lower 𝑘 , is verified in both

experimental and theoretical works [84,85,86,87].
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Figure. 5.2. (a) and (b) TM-polarized illumination-induced surface plasmon dispersion strength
color maps from the imaginary part of the reflection coefficient for two selected Fermi-energies of
free-standing graphene. (c) and (f) dispersion hyperbolic-phonon-polariton of 50 nm and 200 nm
thickness of the LiNbO3 slab on a substrate of the type I and II hyperbolic band ranges (white
dashed lines).
In graphene, higher chemical potential increases both the real and imaginary parts of the
conductivity of graphene, thereby reducing the confinement surface modes far from small
wavelengths. Graphene can also support surface plasmons for TE-polarized fields for specific
frequency intervals [88,89,90]. Loosely bound propagating TE SPPs can be achieved when the
imaginary part of the conductivity has a negative sign, Im(σ) < 0, [91], which is further away from
the THz range [89] of our focus. Thus, we are interested in the effects of TM SPPs in the
hybridization process.
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5.4.2 Ferroelectric LiNbO3 hyperbolic layer phonon polariton
To understand the behavior of phonon-polariton modes of thin LiNbO 3 on the top of dielectric
substrate (𝜀 = 2.5) without graphene, a color map (Im (𝑟 )) of Eq. (5.3) is calculated by combining
Eq (5.6) and Eq (5.7) while 𝜎 = 0. Figure 5.2(c and d) depicts results of two different LiNbO3
thicknesses, t = 50 and 200 nm. The dispersion consists of two distinguishable (enclosed by dashed
white lines) highly quantized dispersive local density of states often referred to as hyperbolicphonon-polaritons (HPPs), analogous to studies in hBN and Bi 2Se2 [92]. These modes are standing
waves propagating inside the ferroelectric. The HPP modes are bounded inside the hyperbolic band
region (type I and type II). From figure 5.2(a) the HPP modes monotonically increase for small 𝑘
and become flat at large 𝑘 at higher frequency in the type II region, while in the type I energy
band, large 𝑘 exist towards lower bound frequencies. The opposite HPP modes result in negative
group velocity in type II and positive group velocity in type I, implying opposite natured results in
anomalous reflections as measured experimentally in other hyperbolic metamaterials [93].
Compared with that of most conventional natural hyperbolic media, the dispersion bands in
LiNbO3 are towards positive bands at higher frequency. However, artificially using two or more
different material combinations can be achieved as it is shown in [94]. It is important to emphasize
that the number of quantized HPP modes gradually increases in hyperbolic material with t figure
5.2(d). After a few hundreds of nm of t, the number of dispersion modes rises to that of semiinfinite bulk hyperbolic LiNbO3, a limit which is not shown here.
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5.5 Hybrid graphene ferroelectric LiNbO3 system
5.5.1 Hyperbolic ferroelectric layer single graphene hybridized modes
Next, the heterostructure structure graphene/ferroelectric/substrate system figure 5.1(b) for TM
incident light is investigated. The dispersion properties of for three chemical potentials, 𝜇 = 0.1
eV, 0.3 eV, and 0.6 eV, and ferroelectric layer, t = 50 nm and 200 nm, calculated using Eq (5.3)
are given in figure 5.3. The first observation due to addition of graphene is the presence of strong
dispersion above the type I, between the two bands, and below type II energy range of the
ferroelectric LiNbO3. These dispersion modes are not purely graphene SPPs or ferroelectric HPPs,
but rather a combination effect regarded as hybridized surface plasmon phonon–polaritons
(HSPPPs) modes. For low chemical potential 𝜇 = 0.1 eV, figure 5.3 (a, and d), these modes
appear just above type I hyperbolicity. Increasing the Fermi energy to 𝜇 = 0.6 eV leads to
increasing HSPPPs modes further away from type I band with high energy while the momentum
shifts to lower 𝑘 . The shift in momentum towards the light cone indicates that the chemical
potential results in weakly confined HSPPPs. This is different from graphene SPPs, where the
dispersion follows 𝜔 ∝

𝑘 , as in figure 5.2(a, b). HSPP modes in the region above the upper

limit of type I exhibit nearly linear dispersion and indicate neither pure graphene effect. Most
importantly, as the t increases for the same chemical potential, HSPPPs modes above the type
I band region stay the same as a further illustration of graphene-dominated hybridization. Inside
the type I band, for low chemical potential, the HPPs modes are observed while pushed further
to higher 𝑘 with more negative slope. In addition, increasing the chemical potential also leads
to a significant decrease in the phonon density of states.
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Figure 5.3. TM-polarized illuminated surface plasmon dispersion strength color map of the
imaginary part of the reflection coefficient for three selected chemical potential for
air/graphene/LiNbO3/substrate. The thickness of the ferroelectric is 50 nm for (a – c), 200 nm for
(d – f). TM- polarized field direction 2D schematic of the structure is shown in (c).
Above the lower limit of type II band, HPP modes become strongly dependent on the graphene
SPPs hybridization. Near the lower 𝑘 the dispersion shows HPPs. But as the momentum
increases, the dispersion that crossed above the type II band reverse towards inside the type II
energy. The movement is due to the momentum strength of HPPs and the SPPs at lower
frequency are strong towards small 𝑘 . The shift of the HSPPs above type II bands weakens for
large t. In the case of frequencies below the lower limit of the type II region, independent of
size of the ferroelectric, additional dispersion modes are observed for 𝜇 = 0.1 eV at lower 𝑘
and frequencies. These weak nonlinear dispersion curves attain flat values of higher 𝑘 in the
lower limit of type II band. Since none of these modes were observed in ferroelectric/substrate
system, only graphene SPPs can lead to their formation. This is further elaborated by the rise
of chemical potential. Higher chemical potential pushes these modes to lower 𝑘 , merging with
the light cone for 𝜇 = 0.6 eV, as in figure 5.3.
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5.5.2 Hyperbolic ferroelectric layer double graphene hybridized modes
5.5.2.1 Identical double graphene hybrid HSPPs
An additional system we considered for the hybridization process of HSPPs is the placement of
a surface plasmon source on either side of the ferroelectric LiNbO3, the structure shown in figure
5.1(c). Figure 4.4(a – i) displays the results of a thin LiNbO3 layer sandwiched between two
graphene layers for equal chemical potential; we consider them as symmetric sources. For 𝜇 =
𝜇 = 0.1 eV, the hybridized modes both appear outside the two-band reststrahlen with longer
wavevectors. The HSPPs modes in the type II band are pushed outside it is upper limit for thin
ferroelectric slab extending in to type I band. When the ferroelectric film thickness increases, the
number of phononic modes moves towards the type II band region.

Figure 5.4. TM polarized illuminated surface plasmon dispersion strength color map of the
imaginary part of the reflection coefficient for three selected Fermi-energies of free
air/graphene/LiNbO3/graphene/substrate. The thickness of the ferroelectric is 50 nm for (a) (b)
and (c), 100 nm for (d) (e) and (f), 200 nm for (g) (h) and (i) and 𝜇 = 𝜇 .
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To efficiently excite the HSPPs to higher resonance and minimize the loss, we increased the
chemical potential of the two graphene layers to 𝜇 = 𝜇 = 0.3 eV and 𝜇 = 𝜇 = 0.6 eV. The
effect of the chemical potential becomes prominent above the upper limit of type II for chemical
potential 0.3 eV, and for 0.6 eV the wavevectors are pushed to larger wavelengths, close to the
light cone. For films less than 50 nm, the hybrid modes are dominated by the graphene surface
plasmon. It is important to notice that for 0.6 eV, separate weak and strong HSPP modes are
obtained, contrary to the case of two-graphene separated by a vacuum or dielectric crystal where
the graphene surface plasmon modes merge together at higher energies. However, such claims are
noticeable for equal chemical potential and t = 100 nm. Compared to single graphene system
nearly above type I band linear dispersion is exhibited for larger t and larger chemical potential.
In the intermediate condition, graphene-like nonlinear HSPP dispersion can exist. This analysis
indicates that linear and nonlinear frequency and momentum dependent excited HSPPs can be
controlled through the applied voltage. The dielectric function of the hyperbolic material and its
size strongly affects the dispersion mode below the upper limit of the type I region. In general,
unlike for single-layer graphene, double-layer graphene systems show strong hybridization effects.
This represents a significant advantage over graphene/ferroelectric/substrate systems where the
hybridization process needs a large chemical potential. The above analysis also shows the
possibility to cause mixed modes, as is seen in the case of the highly influenced dispersion.
5.5.2.2 Dissimilar graphene ferroelectric HSPPs
Since we are interested in producing delicate HSPPs modes, we need a significantly high gate
difference. Therefore, the ferroelectric enclosed between two graphene systems and gated by
dissimilar chemical potential is calculated, with the results shown in figure 5.4(a – d). In these
systems, to control the hybridization process we focus on the chemical potential of one of the top
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graphene monolayers while keeping the other fixed. First, we consider a chemical potential 𝜇

,

= 0.1 eV for the graphene at the top of the ferroelectric and 𝜇 = 0.6 eV for the bottom graphene
layer with a constant thickness, t = 50 nm. In the region above the type I hyperbolic band there
exist two distinct HSPP dispersion bands because high chemical potential leads to higher 𝑘 . The
first HSPP curve which is close to the light cone comes from the bottom graphene while the second
curve with higher momentum is from the graphene on the top of ferroelectric. Increasing the
chemical potential of the top graphene to 𝜇 = 0.3 eV pushes the second dispersion mode close to
the light cone. Gate modulation of hybrid modes between two dissimilar graphene layers shows
that formation of symmetric and antisymmetric electric fields between two graphene sheets
separated by a vacuum [95,96,97], dielectric between the two graphene [98], and hyperbolic slab
[40], are a result of phase difference.

Figure 5.5. TM polarization illuminated surface plasmon dispersion strength color map of the
imaginary part of the reflection coefficient for different Fermi-energies for the top and lower
parts of a graphene free air/graphene/LiNbO3/graphene/substrate. The thicknesses of the
ferroelectric are (a – b) 50 nm and (c – d) 100 nm. (e) 2D schematics of ferroelectric layer
sandwiched between dissimilar graphene ( 𝜇 ≠ 𝜇 ).
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When the two graphene sheets are gated with identical chemical potentials, the dispersion modes
merge together as shown in figure 5.4(c). At higher frequencies, through selective asymmetric
chemical potential, it is also possible to obtain single HSPPs, as shown in figure 5.5 (c – d), for
large 𝑘 as reported by [40, 99]. In addition, for ferroelectric thickness t = 100 nm, the HSPPs
mode converge, creating weak coupling of the momentum. The larger the separation of the two
graphene sheets, the weaker the interaction, hence the graphene’s acting as identical graphene even
with different chemical potential. The effect of the dispersion for large wavevectors comes from
the top graphene as evidenced in the figure 5.3 and figure 5.4 when the chemical potential is 0.3
eV. In the region below the upper limit of the type I hyperbolicity, 𝜇 = 0.1 eV for t = 50 nm and
100 nm, strong HSPP modes are found for higher frequency and low 𝑘 and shift to lower
frequency as the 𝑘 increases. The HSPP modes here cross into the type I range for lower 𝑘 and
higher frequencies and return for larger 𝑘 towards the lower limit of the type II band and stay flat.
It is also noticeable that at lower frequencies, additional surface modes are below the minimum
wavenumber of the type II band. These dispersion modes don’t cross the lower frequency range of
the type II and stay flat for higher 𝑘 when 𝜇 = 0.6 eV for t = 50 nm and 100 nm from Figure 5.
As in a symmetric graphene system, above type I hyperbolic region one can find several HSPP
modes for the same momentum, kx, for t = 50 nm. Such cases are less observed for t = 200 nm and
even larger t values. An additional effect observed is when we have two graphene sheets, the linear
dispersion behavior observed in a specific energy range is not seen, compared to single graphene.
The variation of the top graphene and bottom graphene chemical potential offers a great means to
break the symmetric nature of the hybridization behavior for thin ferroelectric films, as opposed
to the thick case where the total effect appears as if the chemical potential was symmetric.
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5.6 Spontaneous emission (Purcell factor) in 2D and hyperbolic hybrid material
5.6.1 SE rate in hyperbolic ferroelectric layer single graphene
In this section, we consider the problem of the SPPs and HPPs mixing in SE. Plasmon modulated
local density of state of hyperbolic material lead so temporal modulation of near and far field
emission of radiation. The strength of SE rate related to the available hybrid mode and local
density of states. We validated SE rate modulation numerically from Eq. (5.9) by impressed dipole
comparing results from thin ferroelectric layer and graphene gated ferroelectric layer.

Figure 5.6. Rate of spontaneous emission of different dipole distances modulated with different
Fermi energies. The results show the SE as a function of distance of point dipole located in the
air medium and frequency for air/graphene/LiNbO3/substrate (2D schematics, f) when 𝝁 = 0.0
the system reduces to air/LiNbO3/substrate (2D schematics, e). (a) d = 10 nm (b) d =100 nm for
ferroelectric thickness of 50 nm. (c) d = 10 nm (b) d = 100 nm for ferroelectric thickness of 200
nm. 2D schematics of dipole orientation and location without graphene (e) and with graphene (f),
respectively
In figure 5.6 we plot the SE emitter positioned on the z axis at a distance d in the air medium
oriented in the z direction (2D schematics e and f) obtained from Eq (5.9). The green line with
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the legend 𝜇 = 0.0 (without graphene), indicates the HPPS response for the point dipole evaluated
from Eq (5.9) of LiNbO3 thin layer on a substrate. SE resonant peak spectral enhancements were
in the order of 107 and 106, respectively for t = 50 nm and 200 nm for d = 10 nm, as shown in
figure 5.6(a and c). The peak resonances can be traced back to the HPPs in figure 5.2 (c-d). The
location of the peak position of the spontaneous emission is near the upper limit frequency of the
type I and type II regions. Also, the sharp dip in the SE in the two Restrahallan band corresponds
to the location where the perpendicular permittivity is ε⊥ ~ 0. Increasing the emitter separation to
d = 100 nm causes the emission spectrum to be lowered by nearly a factor of 100 and narrows the
spectrum width, as shown in figure 5.6(b and d). The emission rate also rapidly decreases with
the increasing thickness of LiNbO3 from 50 nm to 200 nm and is independent of the dipole
position. However, these decay rate process variations will not change with LiNbO 3 thickness after
a few 100 nm, which is not shown here. In the case of graphene inclusion graphene on the top
ferroelectric, the SE rate decreases inside the two-band region due to the temporal modulation
of the local density of states as discussed in the dispersion mode of adding graphene. For a
dipole close to the graphene, d = 10 nm the SE rate is dominated by graphene outside HPPs.
Significance of the graphene property is observed from gradual shifts to higher energy with the
chemical potential in the type II band disappear due to graphene plasmon dominance (red arrow)
in figure 5.6 (a-d). Above the Type I band region the chemical potential contributes by increasing
the emission rate due to HSPPs modes (blue arrow). However, the strength of the SE becomes
weaker as the chemical potential gets higher. As the dipole is positioned farther away, d = 100
nm, a lower spontaneous emission rate is calculated, largely because the evanescent waves with
penetration depths below the dipole distance no longer contribute to the emitter interaction while
the peak emission is also stronger. The shift produced by hybridization in the SE peaks is distinctly

89

separated for the margin of chemical potential selected; the energy SE rate also can reach to the
upper limit of the type II band. The major difference for the dipole located at 100 nm with the
ferroelectric size is that the spontaneous emission peak shift values are more drastic for t = 50 nm
than t = 200 nm. The height of this peak decreases as d increase and its position is dependent both
on d and chemical potential as in Figure 6(b, and d). For a dipole near the graphene, d = 10 nm,
the SE rate can decrease by a factor of 10 when the chemical potential of the graphene increases
to 0.6 eV in the type II band and by a factor of 100 times in the type I region for both ferroelectric
t = 50 nm and 200 nm figure 5.6(a and c). On the contrary, SE rate in thin ferroelectric remains
high at low frequencies where both hyperbolic and mainly surface modes are supported. There is
a clear trained showing that SE rate can increased from 102 to 103, for dipole far from the hybrid
system and when the dipole is nearer, above the Type I band.
5.6.2 SE rate in hyperbolic ferroelectric layer in double graphene

Figure 5.7. Rate of SE of different dipole distance modulated with different Fermi energy. The
result shows the Purcell factor as a function of distance of dipole located in the air medium and
frequency for air/graphene/LiNbO3/graphene/substrate identical graphene (a) 𝜇 = 𝜇 , (a) d =
10 nm, t = 50 nm (b) d = 100 nm for t = 50 nm (c) d = 10 nm, t = 200 nm and (d) d = 100 nm, t =
200 nm respectively. (e) identical graphene ( 𝜇 = 𝜇 ) sandwiched ferroelectric layer point dipole
location.
90

When a graphene is introduced on the top and bottom of LiNbO3 figure 5.7 (e), SE rate effectively
changes. We use identically gated graphene for SE calculation. When 𝜇 = 𝜇 = 0.1 eV, small
peaks are observed in the Type II band and the peaks in Type I band vanishes. The peaks show
similar trained when there is single graphene and without graphene for d = 10 nm for t = 50 nm
and t = 200 nm. The nature of this peaks is from HPPs than HSPPS since weak hybrid mode exists
in this band, figure 5.4 and 5.5. As the chemical potential of both graphene increases to 0.6 eV
HSPPs mode contribution dominates by flattening the SE rate in Type II band. Distinct resonance
SE peak shift in Type II band are more noticeable in double graphene system figure 5.7 (c and d)
than single graphene figure 5.6(c and d) when the dipole is located far from the top graphene, d =
100 nm. In both single graphene modulated or double graphene modulated ferroelectric the SE
rate bellow Type II band is dominated by the properties of graphene. Furthermore, HSPPs modes
play opposite roles from those of the SPPs for SE, i.e. suppressing the SE in the hyperbolic regions
and enhancing outside the hyperbolic region.
5.7 Conclusion:
In conclusion, we studied heterostructure composed of graphene and ferroelectric film hybrid
dispersion modes and SE process in THz range. Comparative analysis of SPPs waves formed in
graphene affects the local density of state of the HPPs bands of the ferroelectric film. HSPPs
supported can extend beyond the two RS band abounded of the ferroelectric. Lower frequency and
large wavevector SPPs mode of graphene couples with the lower band HPPs mode causing the
crossing of LiNbO3 lower bound band and increases the group velocity for actively tuned higher
chemical potential. This HSPPs mode formed in the lower-frequency region do not extend to large
wave vectors. In addition, the HSPPs modes further modulated by the number of graphene in the
hybrid system. Increasing the number of graphene from single to double layers allows more HSPPs
91

inside the effective hyperbolic regions which is performed simultaneous tuning both graphene.
Numerically calculated SE rate of the hyperbolic band contribution of LiNbO 3 compared with that
of the graphene integrated hyperbolic material elucidated both enhancement and reduction are
achieved. The HSPPs modes provide a strong enhancement of SE compared to outside the
hyperbolic band of the pure ferroelectric layer. There is also a ferroelectric film thickness that can
maximize hybridization of HSPPs, especially for small distance radiation source, and thus SE rate.
In addition, doubling the graphene layer result in higher modification of SE rate. Therefore, hybrid
mode modulation of light matter interactions of 2D material plus ultrathin film of hyperbolic
ferroelectric material could lead to potential applications in the area of near field radiation,
thermovoltaic devices and in THz waveguiding.
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Chapter 6
Summary and Future Direction
In this dissertation’s first section, we described adhesion layer contribution on plasmonic gold
nanodisk, one of the promising structures and materials for an application such as nanoantenna,
nanosensing devices from optical range to near midinfrared. Considering Ti adhesion to gain a
general understanding in plasmon response to the effect of noble metals assuming that other
adhesion layers tend to show similar optical properties. We analyzed both quantitatively and
qualitatively from theoretical standing point light absorption, scattering, and extinction
contribution of adhesion material. Spectra of optical responses of single gold nanodisk showed
substantial damping of confined plasmon due to Ti. The result concluded gives way to overcome
confined plasmon deterioration and provides a useful tool applicable to similar materials and small
nanostructure that requires adhesion layer during the fabrication process. Hence, expanding this
numerical work to explore other adhesion layers; Cr, Cr2O3, TiO2 and Indium Tin Oxide (ITO),
coupling and losses of the confined surface plasmon spectra in a single nanoparticle is one of future
prospects. In addition, we look forward to more understanding of the physical mechanism
adhesion material contribution in single nanoparticle plasmonic deriving analytical solutions.
This will be done solving Maxwell’s equation by implementing the quasi-static dipolar
approximation method. This will be supported by both experimental and computational results
from several literatures summarized as a review chapter and is another direction we hope to
address as progress in plasmonics.

The second part of the disseration is devoted to the study of light-matter interactions mediated by
anisotropic 2D material illuminated by a plane wave. We presented a newly discovered anisotropic
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2D material, black phosphorene, plasmonic properties and effects of dielectric environments. Our
results suggest that the surface plasmon properties of black phosphorene of ribbons of different
geometrical parameters from mid-infrared to high infrared regimes could be exploited to probe the
efficiency of plasmonic enhanced absorption. Furthermore, localized surface plasmon and
enhanced absorption of periodic BP nanoribbons are affected strongly by free carrier density.
Introduction of shielding thin dielectric, such as hexagonal boron nitride beside preserving the
edge mode plasmonic nature of BP, allows for an unprecedented control of the resonance energy.
One of the prominent properties of 2D materials is that their optical properties differ based on the
number of sub atomic layers. This means the light matter interaction will be different from
monolayer to bilayer, etc. Further progress we look forward to addressing on anisotropic plasmonic
responses of 2D BP for patterned nanoscale structure (rectangle, disk, etc), ribbon, based on layer
dependence. In addition, significant leaps in fabrication of BP with several types of van der Waals
(vdW) structure from single layer to multilayer has been achieved in the lab in the past few years.
We see this as a great potential area of research possibility in hybridization of surface plasmon
from two distinct 2D materials (e.g. BP and graphene) for modulated terahertz metamaterial
applications.
At last, we extend the impact of prominent 2D material graphene in combination with hyperbolic
heterostructures. The core this part of the thesis deals with the study of hybridization of surface
plasmon with hyperbolic phonon polariton modes and implications of the electrostatic gating in
low THz.

Using the theory of transfer matrix, we show that the monolayer graphene surface

plasmon hybridization with hyperbolic phonon polarization local density of state of natural
hyperbolic material, ferroelectric LiNbO3. The results achieved elaborate hybridization processes
significantly regulated by the electrostatic gated top (single) graphene and top and bottom (double)
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graphene layer. By comparing the SE of the hyperbolic band contribution of hyperbolic material
with that of the graphene integrated hyperbolic material, elucidated flexible enhancement as well
as inhibition of spontaneous emission. Regulating emission of radiation and controlling has been
an excellent concept for super Plank radiation (heat transfer beyond Plank radiation limit). A
process that requires bringing two objects of temperature, 𝑇 in one end, and 𝑇 in the other end
(𝑇 ≠ 𝑇 ), separation of a few nanometers closer. Such condition leads to EM radiation from
coupling of surface hybrid evanescence field and propagation field. Theoretically based on the
solution of Maxwell equations via the fluctuation-dissipation theorem, actively controlling
radiative heat flux, optimized photon tunneling probability from higher temperature end to lower
temperature applying external voltage is a main future work we will address for hybrid graphene
ferroelectric systems.
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Appendix:
A. Optical constant of gold and Ti
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Figure A. S1. Complex dielectric constants of gold and titanium, (a) real and (b)
imaginary. (c) Shows calculated skin depth as a function of wavelength for both gold and
titanium.
The computational method requires the optical properties of the material; specifically, it requires
wavelength dependent dielectric constants of the materials. Figure A (S1 a) is plotted for the real
part of the dielectric constant 𝜀 for both titanium and gold. In wavelength range ~ 200 nm to ~
600 nm, Au has slightly higher values relative to Ti, while below 600 nm the real part for Ti
remains almost constant while the Au dropped significantly to large negative values. In the case
of the imaginary component 𝜀 as showed in figure A (S1 b), below 400 nm the Au has larger
dielectric constant than Ti, while above 400 nm Ti gets larger than Au. The skin depth, which
explains penetration of the electromagnetic field inside metals, is calculated for the optical to midinfrared regimes and shown in figure A (S1 c). The skin depth of Au ranges from 7 – 23 nm while
for the Ti the range is from 13 – 24 nm. The amplitude of Au skin depth drastically increases up
to wavelengths of 500 nm and drops significantly until 750 nm, and then remains nearly constant
after 750 nm. In case of Ti skin depth decreases from 200 nm to 400 nm and increases continuously
from 400 nm to higher infrared.
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B.1. Spectrum of Gold nanodisk with adhesive layer
To illustrate more the shift of resonance mode, we introduce Figure B (S2) that presents the
inherent optical interaction efficiencies based on nanodisk size. The specific focus of the examples
shown in figures B (S2 a–c) is to demonstrate the changing plasmonic behavior of calculated
absorption scattering and extinction spectra for all the diameters (D = 75, 100, 120, 140 150, 160,
175 180 and 200 nm) for adhesion layer thickness of 5 nm. The spectral profile broadens as the
size increases for all diameters. A large shift of the dipole peak and a much more complex spectrum
occur when the particle radius is increased further. The absorption and the extinction show similar
variations, with a small secondary peak, contribution from higher order modes. This concept can
be verified by calculating the surface charge distribution.

Figure B. S2. Comparison of the spectra of composite disks of titanium adhesion layer thickness
(tTi) = 5 nm and the gold layer thickness (tAu = 15 nm) as a function of wavelength. (a) Calculated
absorbed spectra (b) scattering spectra, and (c) extinction spectra. The Au and Ti nanodisks had
values for the diameter of 75, 100, 120, 140, 150, 160, 180 and 200 nm.
B.2 Surface charge distribution
To do so we implemented simple integral forms of Gauss’s law of electrostatic of dielectric
medium and visualize computationally the surface charge density as follows. The total charge
incudes in a nanoparticle in a dielectric medium is
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Ф =

ԑ

= ∯ 𝐧 ∙ 𝐄dS = ∯(𝐱 ∙ E + 𝐲 ∙ E + 𝐳 ∙ E )dS

(B.2.1)

where Ф is the electric flux through the nanodisk surface S, ε0 is the permittivity of vacuum,
𝐧 = (𝐱, 𝐲, 𝐳) is the outward normal unit vector of the metal surface and E = (Ex, Ey, Ez) is the
local confined electric field. The total the surface charge density for metallic structure is located
around the outer surface given by:
(B.2.2)

Q = ∯ ρ dS
From Eq. (B.2.1) and (B.2.2) the surface charge distribution of the nanodisk is
ρ

ε ε (e ∙ E + e ∙ E + e ∙ E )

(B.2.3)

Primarily the quadrupole moment, becoming very distinct in its amplitude as the diameter grow.
The main features of the scattering, absorption, and extinction spectra explained in terms of
resonant excitation of the dipolar-like, 1st higher, and 2nd higher can be shown based on surfaces
charge density in plasmonic structure. FEM simulated using Eq (B.2.3) strong localized surface
charge density for plane wave normal incident excited D = 200 nm nanodisk is plotted to verify
that the modes are formed due to coupling of the strong dipole plasmon resonances of the
nanodisks, figure B (S3 e and f) calculated at resonance wavelengths 990 nm. The weak
quadrupole nature (resembles higher order) modes near 440 nm becomes apparent from both
surface charge density profiles strong localized figure B (S3 a and b). We also included Figure
B(S3 c and d) intermediate wavelength 600 nm the transition from higher mode to dipolar mode.
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Figure B. S3. Surface charge distribution normalized by (10^-11) and field enhancement of
nanodisk D = 200 nm without adhesion Ti layer side and top view; at wavelength of 440 nm (a
and b), 600 nm (c and d), and resonant wavelength of 980 nm (e and f), respectively.
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C. 1 Optical conductivity and dielectric constant BP

Figure C. S1. Optical conductivity and dielectric constant of BP for N = 1013 cm-2 the calculated
from Drude model.

Figure C. S2. Plot of the real part of the SPP modes supported by a BP infinite sheet for four
different dielectric media as measured by its vacuum wave vector.
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C. 2 Electric field distribution BP ribbon

Figure C. S3. Electric field distribution at different direction for 𝑛 = 1.0, n2 = 2.5 of normalincidence TM mode fundamental mode and higher mode for BP nanoribbons N = 1013 cm-2
width of ribbon 150 nm and period 250 nm.

C. 3. Zigzag-direction Ribbon absorption

Figure C. S4. Simulated absorption spectra for normal-incidence TM mode light polarized
zigzag directions for different w =150 nm, P = 250 nm, and for N = 1013 cm-2 .
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C. 4. FWHM of BP Ribbon broadening

Figure C. S5. Calculated results showing the effects of varying 𝑛 on the absorption spectrum
broadening with 𝑛 held constant of normal-incidence TM mode. FWHM of fundamental mode
(𝑚 = 1) for BP nanoribbons (a) surrounded by air (n1 = 1.0 and different substrate materials with
refractive indices, 𝑛 , and a BP electron density of N = 1013 cm-2 with respect to the refractive
index of the substrate dielectric layer (𝑛 )(b).
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C. 5. BP different ribbon width and number density

Figure C. S6. Comparison of the optical response of light polarized in the (a) armchair and (b)
zigzag directions. (c) - (f) Simulated absorption spectra for normal-incidence TM mode light
polarized along the armchair and zigzag directions for different w: (c) armchair and (d) zigzag for
N = 5x1012 cm-2, (e) armchair and (f) zigzag for N = 7.5x1012 cm-2 . Here, n2 = 1.71, n1 = 1.0, P =
250 nm, and w is swept from 100 to 225 nm.

D.1. Dielectric permittivity tensor components of LiNbO 3.

Type II

Type I

Figure D. S1. (a) Real parts and (b) imaginary part of the dielectric permittivity tensor components
of LiNbO3. The red dotted line represents the vertical component, while the blue dash-dotted line
is the parallel component. The Type I and II bands region are indicated by shaded area [4,5].
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D.2. Optical conductivity of graphene:

Figure. D S2. Optical conductivity of graphene sheet from 0.1 eV – 0.6 eV chemical potential real
part(a) and imaginary part (b) from Eq (1) showing interband transition gate tunable in THz. Both
real and imaginary part value increases with chemical potential vial applied voltage. The intraband
contributes more in the higher infrared and higher THz range [6, 7].
Reference
[1] J. D. Jackson, Classical Electrodynamics. New York: Wiley, 2nd edn. (1975).
[2] E. D. Palik, Handbook of Optical Constants of Solids (Academic Press, New York, 1985).
[3] D. T. Debu, S. J. Bauman, D. French, Hugh O. H. Churchill, J. B. Herzog, "Tuning Infrared
Plasmon Resonance of Black Phosphorene Nanoribbon with a Dielectric Interface", Scientific
Reports 8(1), 3224 (2018).
[4] D. Jin, A. Kumar, K.H. Fung, J. Xu, N.X. Fang Appl. “Terahertz plasmonics in ferroelectricgated graphene”, Phys. Lett., 102 (2013), p. 201118.
[5] T. Feurer, N. S. Stoyanov, D. W. Ward, J. C. Vaughan, E. R. Statz, and K. A. Nelson,
“Terahertz polaritonics,” Annu. Rev. Mater. Res. 37, 317–350 (2007).
[6] Yan, Y. Zhang, P. Kim, and A. Pinczuk, “Electric Field Effect Tuning of Electron-Phonon
Coupling in Graphene,” Phys. Rev. Lett. 98(16), 166802 (2007).
[7] M. Liu, X. Yin, E. Ulin-Avila, B. Geng, T. Zentgraf, L. Ju, F. Wang, and X. Zhang, “A
graphene-based broadband optical modulator,” Nature 474(7349), 64–67 (2011).

111

112

